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HE motives that firſt gave birth to the 
enſuing Ws were not ſo much any 
extrav hopes the Author could 
form to himſe if of of greatly — the ſubject 
by the addition of a large variety of new im- 
provements (though the Reader will find many 
things here that are no-where elſe to be met 
with) a4 ap earneſt defire to fer a ſubjeR of ſuch 
general importance eſtabliſhed on a clear and 
rational foundation, and treated as a ſcience, 
capable of demonſtration, and not a myſterious 
art, as ſome au thors, themſelves, have thought 
proper to term it, 

- How.well the deſign has been executed, muſt 
be left for others to determine. It is poſſible 
that the pains here taken, to reduce the funda- 

= mental prineiples, as well as the more difficult 


3 E. the ſubject to a demonſtration, may be 


upon, by ſome, as rather tending to 
throw new difficulties in the way of a Learner, 
than to the facilitating of his = In order 
to gratify, as far as might be, the inclination of 
this claſs of Readers, the demonſtrations are, 
now, given, by themſelves, in the manner of 


=D A Notes 


PR EFT ACE 
Notes (ſo as to be taken or omitted, at-plea- 
ſure) : though the Author cannot, by any means, 
be 4 6 think, that Time = to a Learner 
which is taken up in comprehending the grounds 
whereon he is bs raiſe his ſu — : his 
_ progreſs may indeed, at firſt be a little retard- 
ed; but the real knowledge he thence acquires 
will abundantly compenſate his trouble, and 
enable him to proceed, afterwards, with cer- 
tainty and ſucceſs, in matters of greater diffi- 
culty, where authors, and their rules, can yield 
him no affiſtance, and he has nothing to depend 
upon but his own obſervation and jud t. 
This, ſecond, Edition has many advantages 
over the former, as well with reſpect to a num- 
ber of new ſubjects and improvements, inter- 
ſperſed throughout the e, as in the order 
and diſpoſition of the elementary parts: in 
which particular regard has been had to the ca- 
pacities of young Beginners. The Work, as it 
now ſtands, will, the Author flatters himſelf, be 
found equally plain and comprehenſive, ſo as 
to anſwer, alike, the purpoſe of the lower, and 
of the more experienced claſs of Readers. 
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monly expreſled writing down the diviſor under the 
TS ee the manner of | 


a vulgar fraction). | Thus 5 repreſents the” quantity - 


CA e 


ae by dividing c by b; abs 


ulgar | 

a Tie fn / , in ud 16 expreſs the ſquare root of 
to which it thus ſi 
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. chus nnn and 
ad + bc | 


VIE genotes the ſquare root of 2, or of 
13 the. which ariſes by 'dividing «b+be"'by 4. 
1 | but —DF (becauſe the line which ſeparates. th : 
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quantity :- thus # N repreſents. the cube root of 
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likewiſe 22 12 5 
e = 
1017 , 
x24h makes 7—_— 


2 Fraftion: ere hne into tie ele, 3 


the K.. numerators together for a new numerator, and 
bt a 4} 
26 Fad oa 
7 e 
210 _ 3 
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| the denominator by B, and the given multiplicator by C: 
G then, I ſay, that F is equal to f C. For fince = 
AA NEAT IS, | 

and 5; the quantity which ariſes by dividing u by B, itis 


evident that the former of theſe two quantities muſt be 
times as great as the latter (becauſe the dividual is C 
times as great in the one caſe as in the other) and there- 


_ wit eter e e taken, that is, 


Ix mult be equal 0 f x C, as was to be ſhewn. 


The Reaſon of Rule will appear evident from : 
hy POE en 67 Wa'D's For, it be 
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rational the 


Thus, V7 x V5 = V35; Va x NA 
G 1 5 


cauſe, — 8 „the multiplier here, is but the D part of the 
former multer e But AS is als equal 1 the D 
part of the ſame E= ; becauſe its diviſor is D times 
mw therefore theſe two quanti- 


ties, f x © and-A being the ſame part of one and 


the ſame 2 
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repreſented as fractional powers 
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Mites ans te niet of Xx SB vm 
appear to be V AB : for, if V/A be denoted by a, and 
FB by 5; or, which is the ſame, if aaa = A, and 


bib = B then will V/A x VB = axb (or ab) and 
its cube = ab X ab x ab = aaa x bbb = AB (by the 


will 


or xx X xxx iS S XA X (by 
Notation.) But in the laſt example, where the expo- 


nents are fractions, let 5 ld be repreſented by « ; 
rie 


Srl by of 7 beck by when ſo ſhall 7 Til 
expreſſed 3 becauſe, by what has been already 
pon eter and, in the ſame manner, 


will 7F717 be expreſſed by 3 bone of * * Xx is 
likewiſe = . Therefore c + A: x Fj is =, 
* * = = the fifth power of C FI, which is 


c+ MF, by Notation. " 
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65. 4 and quantity is malt n 


Thus 24442 —34e Alſo a*—5av x+7b 
mult. bß J mult. by 8e 

makes 3a* + bab—gac; makes 8a*c—goacv x + 5bbc; 
And $ga*—84b+bac—7Jbc+ 12h —g*  _—© 
mult. by 3abc 


makes 15-24 T 180-2140 + -. 


22ä— 


To explain the Reaſon of the two laſt Rules, let 
it be, fir/t, propoſed to multiply ny INNS quan- 
tity, as 4 + b — 6 — d, by any Irr-. 
and, I ſay, the product will be a f + bf—cf—#@df. 
For, the product of the affirmative terms, @ + 65, 

will be af + bf, becauſe, to multiply one quantity by 
- another, is to take the multiplicand as many times as 
there are units in the multiplier, and to take the whole 
multiplicand (a + Y) any number of times (7), is 
0.2050 os to mas. 00.5 parts 323 ſame num- 
ber of times, them together. Moreover, 
ſeeing a + bþ— 4 — 4 denotes. the exceſs of the affir- 
mative terms (a and 6) above the negative ones (c and 
d,] therefore, to multiply a + 0 —c — 4 by /, is only 
to take the ſaid exceſs f times; but F times the ex- 

1 ceſs of any quantity above another is, manifeſtly, equal 

to F times the former quantity, minus f times the. 
latter; but F times the former is, here, equal to. of 
1 (by what has been already ſhewn) and f ti 

Eager (oe Heng eG WE 2 
and therefore the product of a + b —c — 4 
ual to af + bf— f — df; as was to be | 
Wands it 1 4 compound 2 multi 

K i a ſimple a ive quantity, by multiplyi 

| e ani cont 
the terms thence ariſing with the figns of the multipli- 
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; this 
product is to be added, or wrote down with its proper 
ſigns, which are ed above to be thoſe of the multi- 
plicand t the 
term, by » be ive; as 
the required than it would be, if 
there were y t term 
into the whole multiplicand, this product, it is manifeſt, 
* 0 contrary 

ns. t | 
Hence is derived the common Rule, that like Signs 
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that 


the 
7883 
ntrary t rplic 
a ney we . 
and that of the multipli 
[ems with ht 


% * * 

. * 

- 
= 
. 0 " 

* 
CY 
% . 


OF MULTIPLICATION. 


* 


2. 


3 


oP 
— 40x" + 


product 10. — 77. + 34 — 1 


+ 
+ | 
+ 
+ 


— 124% 


* 


1 4 
FF: 
| 
EE: 
++[+ ++ 
321 
Un 
IE! 
A 
22 


3. 


185. 4A Tore, 


product 8 19ac + 


at 
il. 


* 


s HOLI UA. 


24 - OF MULTIPLICATION. 
have been given before, along with the rules for ſimple 


== matites, 2 it is the way that almelt all Authers on -- 
ſubjeQ have followed. 


But, however indirect the method here we 
ſeem, it appears to me the moſt clear and rational ; 

I believe-it will be found very difficult, if not impoſſible, 

* explaining the rules for compound quantities 

7528 ve a Learner a di nd Idea how the 

ple quantities, with ive 17 4 * as 

7 t of all other quantities: _ 

r= g farther, that E difficulties about the 


tainly, if the 
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the ſign +' is prefixed to the multiplier, is to be added x 
ſo, on the contrary, the produQ, when the ſign — is pre- 
fixed, ought to be ſubtracted; © 

But this way of - arguing, however reaſonable it may 
appear, ſeems to carry but very little of ſcience in it, | 
.and to fall greatly ſhort of the evidence and conviftion 
of a demonſtration : nay, it even claſhes with Firſt 
Principles, and the more eſtabliſhed Ryles of nowtian 3 


S 
tracted from; nor is there any thing from whence it can 
ze ſubtracted, when tive quantities are i 
ly conſidered. | And farther, to reaſon about 

effects, and recur to ſenſible objects and popular conſi- 
derations, ſuch as debtor and creditor, &c. in order” 
demonſtrate the principles of a ſcience whoſe Object 
abſtrat Number, appears to me, not well ſuited to 
ns fo eee igni 
the ſubjeR. p 


bra to different branches of mixed — of 


the conſideration 8 effects, or 
tions can have place, the uſu — have a 
— ys 


. and the conception Ss 
negative becomes leſs prog cd 
AAN to be produ 

both ways, from- any point AA 

on the one fide of that point being taken as 
other will be negative. But the caſe is not 

. abſtract Number ac wither pn urn gw 
” eee 
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is brought to an equation, 
be otherwiſe; for, in ordering 
y be taken away from both fides thereof, as to 
. 
hiefly, that the multiplication by quantities 


cby—b, — c; and —@ by — , + ab; which 
appear to be true ; becauſe the thus ex- 
the ſame concluſion is derived, as if ſides 
of the original equation had been firſt increaſed by , 
= - and then multiplied by 5; where both the mul- 
fiplier and multiplicand are real, affirmative i 

2 clear and ftrit demonſtration : but then, it is not in 
Fonſequence of any reaſoning I am capable of forming 
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about — | and — , or about + c and — b, conſidered 


independently, that I be certain that their product 
| 8 
likewiſe, if there were given the equation « — 


> = 3 by tranſpoling # 2d taking the ſquare roo 
on both ſides, we ſhall have y/— © = TT; and 
this multiplied by / Y will give . (or x) = 
V—# Þ ab: which alſo appears to be true, becauſe 
| the reſult, this way, comes out exactly the fame, as if 
the for finding x, ded beak winkented ahe- 
by real quantities : But, notwithſtanding this, 
from any reaſoning that I can form, about the 


in no ſuch quantities have place. 
In the foregoi 


| ſuch imaginary quantities ſerve, many times, as much 
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tion, or contrary 
fuck cakes, it i pla 
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Of Diviſian. 
DE rs * 
Glowing cats, = | is comprehended in the 


15. When one 
other, and all the 27 


or DIVISION. 20 


that, both here and in the ſucceedi caſes, the ſame rule 
is to be regarded in relation to the as in multipli- 
cation, vix. — Signs give +, and unlike —, It 
| obſerve, that, when any quantity 
i by ſelf, or an equal quantity, the quo- 
Ae or 1. 6 
Thus @ + @, gives 1 ; and 2a ＋ 246 gives x; 
n__ 
ans 2008 1obc — es 2c: for the dividend here, 
. cient into two factors, becomes 
2 x 8K l Ne; hoe whence calling of 8 and & thats 
common to the diviſor, we have 2 x c, or 2c. In the 
ſame manner, by reſolving, or dividing the coefficient 
of the dividend by that of the diviſor, the quotient will 
be had in other caſes: Thus, 20abc divided by 4c, 


gives 5ab ; 3 and — SA Vity x V x + V, divided by 
— 17a , gives + 3bV xx + . 

_— But if all the 7 of 1 oe — 75 be 
found in dividend, caſt off thiſe (if any ſuc be) 
that are common to both, and —— 2 
Factors of the diviſor, j ined to 2 as a denominator to 
thoſe of the dividend ; frattion thus ariſing ex- 


ef the quotient ſought. thus, all 
Eros in * dividend ſhould happen to 2 off, or 


* be the-cumerator of the fraion 


And 164*hx* divided by 8abcx*, gives 2 


\ The firſt Rule, given above, being exactly the con- 

verſe of Rule 1 in the preceding ſection, requires no 

demonſtration than is there given The ſecond - 

_ well as thoſe that follow hereafter upon Frac- 
on this principle, That, as many times 

22 propoſed quantity is contained in 

juſt ſo man . third, fourth, or any other 

aſſigned part of the former, contained in the half, third, 
' fourth, or other correſponding part of the latter; and 


Juſt 


'» OF DIVISION. © 
Likewiſe 2505 7 divided by 9 © Va, gives Z, 
And 8ab 75 divided by 16 &, gives ——- 

1 7. One Fraftion is divided by another, by ; 

i the denemineter of the doifir inte the wimurater of he 


dividend for a new numerator, and the numerator of . the 


diviſor into the denominater of the dividend for @ new de == 
nommnator. 


Thus + i 5, 0 | 


my divided by 57, gives 185 
gab* _ ng. 


And 5 divided by 55> give e 
A is the 
job other we multiple of th former con 


quadruple, ot other corre- 

1 The Demonſtration of 
it may be too obvious 

* may be thus: Let A and 

two propoſed quantities, and AC and BC their 

tiples (or, let AC and BC be tho 006 rRNA 


and B their /ike parts): I ſay, thei, that —— . 


eee, Nun BE is n = AC. 


dy x BO, te nadie ot be Bi BO bn 

BC 
un rule a in multiplication) = "> (vid: 1 
and 15) = AC: Therefore, ſeeing the equimultiples 


of the two propoſed quantities are the ſame, the quanti- 
tics themſelves muſt neceſſarily be equal. 


The ſecond Rule, given above, is nothing more than 
a bare — of the Principle here- —— 4 3 


— multiple of the 


OF DIVISION. 5 


| But in caſes like this lat, where the two 


or the denominators, have factors n—_— — 6. 


conctuten will berome more neat by feſt calling off | 
ſuch common factors. 
Thus, caſting away ab out of the two numerators, 


and x out of both the denominators, we have == to be 


divided by =; whereof the quotient is 27 In-the 


and — 2 
Fa 


I 
When Licher the diviſor or the. dividend is a whole 
— Alu — a fraction) it may be reduced to the 
of a fraction, by writing an unit or 1, under it. 


— — 


fine, by caſting ofthe » crmmen tothe Geidakd 


as di in the ru it is — 
n „ 


— 1 cas pert by ho acer, 
any bs Sear, why} nag Bar op-ed 


Auto Rule . whereipit is alfertedthat 5 + 5 = — 
it is evident that AD and BC are 75 of the 


; becauſe 55 x BD is (by Rule 


. Whence it follows that the quotient of 


5 se by g will be the ſame with that of AD di- 


vided by BC ; which, by Notation is . as was to 


be ſnewn. The Grounds of the note 
Rule are theſe: By caſting away all 


F = AD, and 5X BD = 


to this 
common 


=. OF DIVISION. 
| 1205 f. 4 11245 
e divided by 4 (or E) gives =) 
* 85 | . es g. 
And 555 (or 52) divided VS gives Z2 
4* Surd quantities under the ſame radical 


. are 
Svidid by one another like rational | quantities, nh the 
quotient muſt fland under the given radical ſign. 
Thus, the quotient of ab by V b is V/ a: 


That of V/ 16xxy byV Ny is 2x : A 
That of 5 1 0abbc or V- 


c 15abe* 
And that of 6ab V 10aczy by 2a v/ 25 is 3b ͤ 5 
. Different „or roots of the ſame quantity 


are divided one by anather, by ſubtrafting the exponent 
of the diviſor from that of the — and placing the 
remai as an exponent to the quantity gien. But 
it muſt be obſerved, that the exponents here underſtood 
are thoſe defined in p. 5; where all roots are repreſented 
as fractional „It will likewiſe be proper to 
_ remark further, that, when the exponent of the diviſor 
is greater than that of the dividend, the quotient will 
have a tive exponent, or, which comes to the ſame 
thing, the reſult will be a fraction, whereof the nume- 
rator is an unit, and the denominator the ſame quantity 
with its exponent changed to an affirmative one. 


Thus x* divided by x* gives x* : þ 25 
And a + z divided by a + 2 gives a + * i © 
Likewiſe x* divided by æ gives *: s 


* 


to the two numerators we take equal parts of the quan- 
tities; and by throwing off the factors common to both 
denominators, we take equimultiples of thoſe parts. 
The two preceding Rules, being nothing more than 
the converſe of 4th and 5th Rules in multiplication, 
ar Bog pens wag wean eee 
in Rule 5, whei exponent comes out negative, 

land in need of a more particular Explanation, Accord 


or DIVISION. 33 
Moreover, 7 + 3}? didided by © + 9) * gives N: | 


Laftly, . Givided by . gives x, or x +... 
. 4 compound q is diviled by a ond, 57 
ning reed rm hy the given vi 5 via 
Thus, 3ab) 3ebe + la — yaob (c + 47 — 24: 
allo, —$a) Sui. S- ————x 
„ © whe 


fy, 
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11. 


according 
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theſe 
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aflerted te be x", or. Now that this is the true 
of 


v e ** . 

value is evident becauſe: 1 and x* bei / like ; 
— with that of the quantities | 
248 + D Thus, 


% 
7 * - 
" 9 
* l 
= * 
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$6 likewiſe, if a* — be divided by a — x; the quo- 
dent will be N ; as by the work 
will appear. 
N Wet erte. 


— a*x ** # 


th 


ax = a x*. 2 es 
e 


r 
rr 
e 
f © © | 
Moreover, if it were required to divide “ — * + 
errut 


aa + r 
* + | 


% 


to the nature of diviſion, every quotient whatever mul- 
tiplied by the given diviſor, ought to produce the given 


2. That +0) ab (—b; becauſe +8 


- > - | gun; 
3. That —5) 4% (—»3 r 
4. That —s) — ( +6; becauſe—e mult. by +5, 


ab 
theſe four are all the caſes that can poſſibly hap- 
pen in reſpe ts the varjation of the Hgns. | | 
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Of involution. _ 
UTION is the raiſing of powers from 
| Tags, agd may hs 


LT e 


„ a4 
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8 "4 


6 Duantity, _ e bn 
„ that 5, if tbe nt ji @ yower e the 


3 
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„ 1hyoOLUT1O0R 5 
theraf will be rcpr gente by the ſame quantity willey the groen 
| Thus, the fifth power of 4 is expreſſed ; and the 
 faventh power of &'+ 2 by @ + ="; r 


1 — 


2*. But if the guamity propoſed be e ; © fo, 
be Red et ts ecpenn the s 
of the pripoſed power. , — 4 -, £4 Io 
fifth power of . i x** the fourth power of 'ax + yy\* 


or ſecond power of ob is ; 


1 1 
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Wit 
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12 ag | . ' X. 0 
. . 
i 8 « 14% 
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the definition of 
, wi in the 


by raifing beth the numerator 


— 144 and the fourth powet of A” og Fm 
ITS to be ab X ab (by 


OF. INVOLUTION. 
n x A*) will be 


be truly defined by A*: e e 1 


21 F E 
N | 11655 1 
2 *? 41 24711 | 
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8 ll x 7 
| I 
* 15 
= 1 
W Fl x 
5 * 1. * 
2 12 
8 2 8 
8 * 92 
2 * x 
— - 8 1 
34 ＋ (3) 
8 SFr er oÞ+ TIA. 
BR LTH EEG 112 5 
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© DHOF INVOLUTION 


a + 244+ 28 
1 2 206* + 4 


77 PPE DP the cuba; or tad yeheen; 


FS + a 8 

24 3214 22 — | 
0 4 wh 69%* + > the fourth power. | 4 
a + b 
FIAT CF PPT ap 


+ + 46+ 21 4, + . 


. 8 + 7, the 36h power 
+ 


+ 56+ 104%* + 10H + 


7 | 
+ * g + 100% + 10a 5 +8*. 
+60 +150 F202 Fig Fab FÞ, n 
or required power of a N. * 


So likewiſe, if it be required to involve or rafe a 
c | 
a—b 
a—b 
4 — ob 
— > + * 
e P, n 
ON — 
= ab* c | x 
*4 2a — _Þ | A Wt. - 
== * b, third power. * 7 
42 — 5 5 
— —— 1 of 7 
71 CP e , oa ag 


8 


.a—b 


a*— 44% + 640 
= — - e 
OE Ones 


— 


or INVOELUPION &@ 
df —$0b 0 —10#P + $o*f— as 


2 $2" —100%" + 108*/—5065 + 5* 


S 77 V the f 
power of ab 5 | 


by Sir Iſaac 
N Fo 2 7 2 
| 4 5 
Doran mul- 
n preceding operations; which 
us * 


Let # denote any number at pleaſure ; then the ah 


power of e + þ vi de + nd" b: + . 


op + PATIL, 2 — 


MAT jo DI Het 3 — 1, c. | 


&c. om. where he —— 
muſt be negative. 


An example or vw will fry the uſe of this genes 


Theorem. 
Firſt, then, let it be to raiſe @ + B to the third 
power. Here », the i of the propoſed power, be- 


ing, 3, the firſt term, „ of the general expreſion, i 


equal to @; the fecond ng = 33; the third 
YN, 2 1 mos ”. . 
"#4 — ent N . 

mooy. abs = 4 2 — 1,2 — I wor wa 


21 858 


u the ks 
% 

np gate Are nad 

e In which caſe the index, x, being 6, we Mall, 


by Ry 0's 58 ws, 


„ OF EVOLUTION. 

. oP = 15.08, ee: and 

conſequently 7 + D = of + 6a'b + 150% + 200%" 

+1506 + bab®+ , the very ſame as was above 
determined by continual multiplication, 

. Laſtly, let it be propoſed to involve er + xy to the 
fourth . | | * 0 
; then, 
x», the 


24 


lues, and then return, or decreaſe again, according to 
the ſame. order: therefore we need only find the cocfi- 


OO I —_ 1 4 „ 
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or EVOLUTION. 


Thus the. ſquare rot of „ will be ak; that of 


F 1672 20 
fol 11171 
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„ or rVOTLUT Io 
5 H 
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13 like manner, if the 


S 7 
de propoſed to IS the 
thereof; th anſwer will came ut . +, 6 
appears! proceſs. 
MY er eee 


<= 8 af, ſecond power of ar. 6 

20 24 u, firſt term of the remainder, * 

25 —— 222 +x*, Rn . 
3 


e 8 cube root ad 
x + I22ͤ —8 r, and the work will ſtand thus: 
a* — 66 + 12 — dr (a—2x 


Gp ba 


. — Ba, cube of ar. 
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mag 
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| WE — (a+ 200+8* 


"+20 x*+4ax*+x* 
0 pa 


24* + Ar 
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HE ReduQion of fraftiotal and radical quanti- 
COSI IS cg expreſſion to the moſt ' 
it to its leaſt 


P3 


is capable of ; and that, 
terms, or all the mem- 


A Hadi, 


(if it be compounded) to the ſame deno- 


1 T 4 
8 

9 
And 
"TY | P 


mT ale 
» by 72 


mains, 


diviſor 


2 5 8 4 N 
e 104% + 2 ($8) + Wy. 


? 9 Sr hee IM 
* 1 | 
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U the 


fraction given rediced ts 56 + $0 : 
* 0 rap” 


. 


| + 
work will — 
8 W + 0 1 © + . 


— ——.. 


oder — of 


ory 1 oi 
* * - = - + x (ax 
: * — 0 — ax* 


"TT 7T5 
+ .— +.0 + 
| S.-,-S 6 


From —  appeary that eee. 
and, . 22 — * frafion propoſed is = 
duced to © * 

r mu} do e = 
— ar e and e a fiſt le, muſt 


GO 
J 


bg 


— B's 3 4 — 
N — Ke of 
. ̃—ↄ —— 
D —1 22 2 
— ap P 7 
which divided by — 27, gives © + Jac == 20 forth 
next diviſor. 
4 2 — 20) xd = * Bo*x + . | 
_ pas — + 
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—— e 


— 
_ —1087x*+ 10x , 
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2 
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the former) : whence, by the Prineiple- above quoted 
the ſame quantity, 2 < Ar op whole dividend, 
muſt alſo meaſure ining of it, * ＋ 57 
but the diviſ | r 
one, we as not 


1 


z 


* 


1 *. — " 
- :- 9 - 4 * WR - | 'F 
"REDUCTION OFT F 
-— : 


. 


dimenſion, either in the numerator or in we d 
nator, nn 
nominator (whichever it is) into two parts, 
e de found in term of the one 
ee eee 
let the greateſt common divi eſe t 
- whick will, evidently, be a diviſor to U 
and by which the diviſion of the other quanoty 
is to be tried; as in the following example, 


19% 


1 
| 
1 


the parts x* + 2ax, and — bx — 2ab ; 
jon, appear to be equal to x + 24 * 
* © Js x — 6. Therefore x. + 10 is a diviſor 


the parts, and likewiſe to the whole, expreſſed 


' ſame into 


LL 


The 


15 
. 
. Fi 


$1 
11 
7 7 
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3 REDUCTION OF | 
which, for the go part, are more eaſily 
- (whether ded: fubtratied, mitt 


vided) oben all ir member ae drought 10 th Ge 
denomination. 


Ra e eue. 


that the quotient which ariſes by divi the whole, is. 
— of all the parts the ſame di- 


| —— $— 5b =_ 


wth hs. = = 9 S — 
4 - XK 4 ＋. 4 | 


The ren of te eas kinds of e ks 


rounded on this obvious princi 
regen ns 7 x be parts e. are 5 . 
oo 


that the quotient which aries by di 1745 
by another, is the ſame as 
eee 


\ | 


FRACTIONAL QUANTITIES. 33 
Da ties jw yet tre atdir Haw of andne- 


tion which Authors have treated of under the head of 
fractions; which are, tbe reducing of a whole quantity to 


an equivalent fraction of a given and a com- 
pound frattion to a le one of the ſame value. Nei- 
ther of theſe, 2 


df lems, however it might be 
—— untouched. 


1. A whole quontity is refuced to an equivalent frae- 
ton by multphing it th given denminater, , and writing 
the multiplier th the produtt, with a line between 


; Thus the quantity 6, reduced to the denominator b, 
vil be , and the quantity c + 6, to the denominator 


a+bxc = e + be + ad N 
2 - wget 7 + 
compennd. dion is reduced to femple one « : 

ſame value, 522 lying the numerators my ; 

; and denominators together for a new 
denominator. 


TTY GT Pn we are not to un- 


improper to leave 


# +8, will be 


kt * 9 


latter: r 

that, inſtead of the whole numerator and denominator, 
. we only take that part of each which is defined by the 
common meaſure; whereas, in reduction to 
the ſame denominator, we, on the contrary, make uſe 
of equimultiples of thoſe quantities ; ſince, in multi- 
ing any numerator into all the denominators, except 
its own, we multiply jt by the v ſame quantities by 
which its denominator is multi olied, 


The Rule, ar id fraction to 


| ,® fimple one, may de explained thus. Te is ba 
that the part of 7 7 defined by 7; which ariſes by 
e by 5, ill be equal 0 7, (ihe diviſor here 
2 = * . being 


* 


but ſuch an one as e- 
I fraction. 


7 
n be equal to 3 


| | Of the Redudtion of Radical u., uu, 


The Reduction of furd ee | 
cons, may be ether to te ext terms, of to the fame 


— reduced ta its leaft terms, by reſclu- 
quantity is "ip 
o which 


Thus, v/76 is reduced to 7 x V Ty which, by 
extracting the root of 4, becomes V7; u 
Va is reduced to Va" x V which, by g 
the. root of 4 becomes @ ,: likewiſe /i N, or 


FF) is reduced to VP n 
— is reduced to TY 
I 


== 


— — — 
. - + 


being 4. dimen 0s gear} therefore the part vt 
finod by 5. bingo times as great $ that defined by Fo | | 


- mult be truly expreſſed by * , 
arne 0 


: * 


1 IO" 


N eee, all which-is 


evident from caſe 4 of multiplication, and caſe 3 of in- 
volution. But it is to be obſerved, that, in 

any in this manner, the faftor out of whi 
the root is to be is always to be taken the 
the caſe will admit of, It alſo may be to 
take notice, that this kind of reduction is chie y uſeful 
in the addition and ſubtraction of ſurd quantities, and in 
uniting the terms of compound expreſſions that ate com- 
menſurable to each other, where the irrational part, or 
factor, after reduction, is the ſame in each term. 


Thus v 18 + V 72 is reduced to 3V 2 + 47, or 
e Ji is teduced to 
2 2 + 5aV 3 — baV 3 = .. Moreover, by re- 


dualen, eee = of EE 
WEL . wſE= = gay 8 


And 222 7 + 9 + T7 1 becomes 


Gr D + gaxVi = i Ta. 
Sura 


quantities, under di radical figns, are reduced 
nel ou on anger ere 


common 
Tiwak wed redueed to the fame radical fign, | 


will become al and at (for the indices are here | and 
z, and theſe are equivalent to 4 and z, where both have. 


the ſame denominator). In- the fame manner Af and 
332 IPB, or dn and YF. Ang, - 


b, KS and f. n when dn exponents 


= 0 


3 REDUCTION OF, &e. 


* 


are Toduced e v. fume denomination, become N 


and Bir | 
The principal uſe of this fort of rcon, is, when _ 


r to be multi- 


plied or divided by each other. 


That the reduction of a radical quantity to another 
of a different denomination, by an equal multiplication 
of the terms of its exponent, makes no alteration 11. 


„ 
1a 4 be any quantity of this kind; then, the 


| terms o of its exponent being * — by any 


number 5, I ſay, the quantity A, hence ariſing, is ; 
equal to the given one A*, 
For, if x be affumed = Ar, or, which is the ſame, 


-iF the value of o be ſuch, tht =" = A; then, the mth 
root of x" bring = (by caſe 2 of ſeftion 6) and the mth. 
root of A being A (by notation), theſe two quantities 


1288 W th: 
and, if be boch raiſed to the ath power, the equa- 
lity will continue; but the mth power of the former 
(*) is = a” (ly caſe 2 of ile) and the mth. 
power of the latter (a 7) is AF mne. 


fore x" is = A", But, x being = *, we have 


: a = *, by notation ; and e 4 8 


As; which be 
. warts be proved Thus, 


14 JI SY 
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a Thus, vF multiplied by #76, or IM into"70\f, 
will give T25)* x 700 or 58: alſo vas into 
Vos, or rl into r will give et x FV 
or i: and d divided by VV will give 
GN - NIL x 
= 2 Laſtly, 2x multiplied into 7 
pill give V4x* x Jax, or . 
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Of Equations. + 


and this is called the reſolution, or re- 


are ſuch as contain only one un- 

z which, before that quantity can be 

red and transformed, by the 

ſubtruaction, multiplication, or diviſion, . 
uy 
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2 e ——— 
py if its fign be changed *. 
Thus, if x + 6 = 16; then will x = 16 —6, that 
is, & = 10: 
And, if x—4 =8; then will = 8 + 4, orx=12: 
" All; if gr Se 4+ 24 3 han will 3 = 20 2 Is 
Sx = 24: 
| Again, if Sx—8 = 3x + 20; then Will 5x5 — 3x = 
20 + 8, or 2x = 28: 
„if ax + by—c + d—ex= f—g + bu—be; 
. ax + 3 + by = a 
22 where all the terms affected by x 


A ſide 


4 
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Thus, de, tquation ax = ab- is ce 10.5 = 
MINES] Eis * 
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* The ref of hs rl i extremly 
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Moreover (hy th lr pert of the Rub) 2 = Saw 


duced 6 = bz HE = = to." = 


. be divided by , 
will be farther reduced to x = ads, 


2 the ee 
tion 
e I the namerats of every 


nem, 5 — — be) tht 
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1 ya. — 
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is re- 


+2 
A e 3% + 2x = 663 ind x + = = 12+ 


= to 40x + Br 4 16 = 480 + 5x — 15: fo 


b 
e — eee 5 - 


+ ab; and 
* . | 


* n hoe irreducible 2 
whoa gn rn ter 2 ns 5 


2 27 F. wake + + abr = | 


<p Agnes Lhe og 
EEE From rad] qua 
are free radic uantities 
to be more ſur ; than one, in which coſe 
% n 
* Tbas, V 6 = 10, by tranſpoſition, becomes 


v4 (=10=6) =44 which by lquaring both files, 
gives # = 16. nn | | 
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„ OF ,EQUAFLONS 


this, as well as of the two preceding rules, depend | 
ſelf-evident principles: for, when the equal — 

on each ſide of an — — 7 yah — 
the ſame, or dy eꝗ quantities, or raiſed to equal po 
fs, Wh — cries reſulting muſt neceſſary be equal. 


8. Eluat. by the preceding all (if thire is eccaſtm) 
cleared your equation of frattional, and radical quantiti 
, and ſoorderediit, by 20 thet el th terms herix | 
 #he uninown quantity it land on the ſame fide 
thoreof, let the whole be di ient, or the ſam 
of the ns arg tae the Jad unborn 5 
tine is, if the f powe? oe the e UA, Coty 
n 111472 
dratic, or Cone, ſomething further 
eg — 
Cl 
exerciſe, wherein all the aforegoing Rules obtain pro. 
mn. | 
Ex. 1. Let 3 — 16 = 3x + 72; then” (by rake 
gap = 15 + 16, or 0m — (ly rbr 
2 | . 
9 r | 


E 
172 69 - 20 + einm 
quadys = © 12. phone 


Ex. 3- eee — = 4+ by 


era—exx=d+ 3; 2 . — 


rale 5.) 2 
Ex. 4. ate th#S wb —— 
. 10 $8 + x 
Phence 3x — x = ® 10 = LY. 
dane = = =. r Sat 
Yr went] a; —_—_— 


* 


oF: EQUATIONS. er 


reg He? ha 
by a, we have 33 —b =x + 2:55 


3 br 


Er 6. Let 5 + u: then (by rale 3) 4x + 35 


Er PX 
| 2 $242 45 
6 — 
. 7. Let <5; '-= 1 + then, 
. 
26x = : 338, andx = 3H. 43 et 


7 
SS 4 


Ex: 8. Leto E=c: then ar =—bb = = ox ; whence | 


3 and x = F 


2 
g. LA + Ane 
or L + ab S ahcd ;,and 
3 7 21 X x.= abc 31 N 
POLE FT CR ar ny 


2 22 = 4s" wen, FF x | 


V 


4 Anni whetice —xr + be = —ab+4 which, by 
zoe pawer 


the equation ax + ab + br = ax 
$ Foe + ax; 


* 


= l N - —_, a 
a „ — 
* n _— « 
* - 
{0% 
” - Ss © 7 
* - 7 


% © 


* 
— — — — — r od — —_— 


„% OF EQUATIONS. 4, 
| which thereby +ax=or+ bb 
EAN e e, 

Br. 12. Let E. then IS. = „ 


wi VF = 16 whence, (hy rb 4) "$029.29, 
therefore « = = = 4% — 


By. 13. Let VIiEEz=2 + A2 3 
12+x=4+4Vx+x; whence, by tranſpoſition, 
$= $7. SHIPS 4.5," PRE 


42 «„ b 
K Lets + Vo + = =. Here Here (ly 
rule Ju x VFEP + @ + 229% whence a 


o md x += —20. 
Sayre + a 


"EE 
: "Bs: 15. Let V+ RS -Y Then 


re VETS avi wha 
ax + xx = 20x + os and x = - = = _ 


% = - 


Let FELT = wc: then; 
hath de = ef = e Wamny x „gang 


* = 3x = #— wi —=o SY 71 6. — 
viding the whole by 3 : ow 


* 


— 


— 


oo - 
_ _ —— _ — m 
5 — — 2 = * — —— - * — 
— 2 OO ̃ ̃— — . 
, 
* * 


RF 


Ex. 17. Let Vas = FFP: tm = 
n ae to xxl? * 
| #1 4.05 ti + 205 LPT ATM 
| 7 2 e 
BN 12.593 Kit 


. Che © l 3ps 64 169% 8 * 
| | 
0 * 


* 


OF. EQUATIONS „ 


. if Let x =o +x v3 Fax—a Her 
x + @ = o/o* + x V bb + xx; which ſquared, gives «* +: 
a += +* V IF e + 2ax =x N 


divide by x, fo ſhall x + 20 = VÞ6+ xx; this ſquared 
. again gives x* + 4ax + 4 = bb + xx; whence 4a 


Of the * 8 1 * . of : _ : itte — | ; | 
redufion of two or more equations to a fingle one. 2 


= pe nn en 


b 1 10 % - 6 
is much uſed ſome 


or a 
The firſt of theſe three 


Authors, but the laſt of them LY}; part, 
the moſt eaſy and expeditious ice, and is, for 
that reaſon, chic "regarded in the fublequent e- 

AMPLE II, | 
Jp'-= - 124 , t 31. 
= 20. | 


. 
order that — S 
IT — 7 = 80. 
1 "Gt bo. now 
gether ; — the be, ym: 


out yo = 2043 2 = . 12: therefore, 


by 4 (in 
— be 
| added 06- 


= 180 
10x + 25y = 800. 
Dy endes the e from the latter, we 


have 3ty = 620: : hence y = 2% and fo, by 


the firſt equation, # (= ) = 
But the value of x ray be otherwiſe found, inde- 


SITE for, 522 


enerminaed, and you will get 


—_— — — - 


Le » C 
— 
— —˙¶——— — — — a = 


> = 0 — * — 
— — SO ———_— — 


Le- 288 — 90, that is, 


66 OF EQUATIONS, 


EXAMPLE IV. 


= 


* 
Here our equations, cleared of fraftions, will be 
* + 2 = 96 


PR WAS, ne 


10 = 198; whence7.= 18; and x (= DD) = 20+ 
EXAMPLE v. 


* 2y = 160, and 
47x — 18 = 2100: from the laſt of -which ſubtra& 
9 times the former; fo ſhall 11x = 2100 f 1449 = 


"my 22 = bo, andy (= EZ = = 2:<-80) 


EXAMPLE VL. 


x +y=1 - 5 
1722253 IT to find æ, y, and x. ö 
y +2 = 15 
the firſt n from the ſecond (in, 


order to extermĩnate x) we = 1; to which. 
Ho OH being a I 
termi coming out 22 = or s 
whence y (=z—1) = 7; and x (= 13 —p) 2 * 


3 2 EXAMPLE 


— ” Pa 


OF EQUATIONS #® 
EXAMPLE vn. £ 


4 


Here the given equations, cleared of fractions, becom 
ta + N + 62 21 SE © | 
- 20x + 15-+ 12s = 28a 

| zox + 245 + 20z = 4560, 

ow (0 cannons te um Gann of thats 


6 OF ECUVATIONS. 


ane u fm 
637; and x ( N- 4-20) = 9. 


EXAMPLE NX. 0 


Let 7 = 2, and xy + 3 — 7 
terminate x. 
B the former equation x = y + 2 ; which value be- 


ing ſubſtituted in the latter according to the ſecond general 
method) it becomes y +2 TS Xx 5+ 2—63 = 120, 
that is, y* + N . 


EXAMPLE x. ee 


eee quan, e- 5; ai hn: | 
fore x* = * which: value being wrote in the 
ocher equation, we have a— * 172 : b, that is, : 


3— 
reren and therefore — 9 = IS. 
— EXAMPLE X. | 


| Gm {a9 + ke +9 * 
are, eee 
uation by F, 
r r 22 


—— ag? + oy — ab =df — at; which, 
by tranſpoſition nd diviſion, gives y = . 


Let this of y be now ſubſtituted in rf | 
r . 


eee eee, 


43 £7 


nad: | 4: which, 3 and contradted, 
gives = x * df —at Feen | 


2 
3 eh = A 


* 


2 3 2 =75—11) = 


EXAMPLE 


or £ QUIT IO NE. ty. 


EXAMPLE XII. . 
ee be + = 0, and fe + gx+ 0803 


"" Prondling dun a in do de enitaghty. wh have fbx 
. 


4560 This, by n 
eve. 7 


09 1 dts» or eee 3", op 
equations ax* + bx* + ox + d = o, and fx* +gx+b = o, 
&c. But, to ſhew the uſe of the above example, * 
pole there to be given the equations x* + yx * = 
and x* + 3xy — 10'= 0: then, by comparing te terms 
of theſe with thoſe of the general ones, ax* + 
0 o we havea= t, 
J „ e = — , FI, 22 3, and 5 — 10 
which values being ſubſtituted in the equation av — fc 
+ fb — ag X bb — cg = 0, it therice becomes 


D 42 —_— S o, Ling 
100 — 2 — = 03 or, 100 = 3 
eee 


— 


— — — 1108186 a 
43 N 


SECTION x. 1 

Of Proportion. - N 
S ar ok = 
or oponoting bs the part or parts, nr __ 


the our ds + , compari "ATE 


+ 


geametrical. 
1 ann 
of the firſt and ſecond is equal to the difference of the 
thoſe quantities are ſaid to be in arith- 
But, when the ratio of the firſt and 


3 — IN 
are 
carried on according to the fame law throughout. 
Arithmetical Proportion. 
THEOREM I. 


quantities, in arithmetical pro- 
re: of 


tus extremes. 
ds by ſuppoſition, 3 — 4 is = d — 6, there - 


fore is b + 54% a, by tranſpoſition. 
THEOREM II. 

In any continued arithmetical progreſſion (3, 7, , 17 

13,/15) the fin of the two extremes that every other 

#rwo terms .qually diſtant from them, are 

For ſince, Se the ſecond 

term exceeds t R 


— 


» 


inthe compariſon of quantities fes. 
SE. nemo gre Sobre ion is uſed ; yet 
bs nr ww 


OF PROPORTION. 5 
laſt but one, wants of the laſt. it is manifeſt 


fion, 4, 7, 10, 13, 16, D 
being double to the middle term, or mean, the ſum of 


any other two. term, r 
muſt likewiſe be double to the mean. 


THEOREM II. 


In any continued a ithmetical progreſſion, a, a+ d, a +24, 
a+36 + 44, c. the laſt, or greateſt term, is equal to 

the firft (or aſt), mo e the common difference of tbe terms 
drawn into the number of all the terms after the firſt, or 
into the whole number of the terms, leſs one. 


For, ſince every term, after the firſt, exceeds that 


preceding it, by the common difference, it is p'ain that 
the laſt muſt exceed the firft by as many times the com- 


mon difference as there are terms atter the firſt ; and 
therefore muſt be equal to the firſt, and the common 
pes . — —⅛ä | 


THEOREM Iv. 


The ſum a any rank or ſeries of quantities, in continued 


arithmetical progreſſion (5, 7,9, 11, 15,15) is to 
the ſum of * tius extremes multiplied into balf — | 


ber of terms. 
For, becauſe ( the Grond Theciita) the ford of oh 
that of every two other term. equally 
them, are equal, the whole ſeries, conſift- 
ing of half as many _ ual ſums as there are terms, 
880 ſum of the two extremes 
Tepencd ball 36 many rey 8 here ae terms Fhe 
> Ls, whey: he prmngey of forms is ad, | 
=D 12, 16, 20, 24; for then, the mean, 
or middle term, equal to half the ſum of any two 
_F4 terms 


| 
| 
| 
| 
| 


= 
Ly 


- ſame, then 


OF PROPORTION. 


o 
- 


to their differences, is called arithmetical; 
— lg wo heir real | © 


their ratios, geometrical. RES. 
* When, of four quantities, 2, 6, 12, 16, the difference 
the firſt and ſecond is equal to the difference of the 


| , or 
of every two adjacent terms (as well of the ſe- 
third, as of the firſt and ſecond, &c.) is the 
proportion is ſaid to be continued: thys, 2, 

8, &c. is a continued arithmetical proportion; 
4, 8, 16, Ce. a continued ical one. Theſe 


Arithmetical Proportion. 
1 7 THEOREM I. 


four quantities, a, b, c, d, in arithmetical pro- 
£7 '*? the fum of the tos means is equal to the fum 7 
the two extremes. 


++. For fince, by ſuppoſition, þ — @is = 4 — c, there» 
is þ + c = & + 4 by tranſpoſition. 

THEOREM IL | 

SP continued arithmetical progre (8. 7,9, 11 

1%, 18) obe fon of the two extremes — 3 — 

#wwo terms gually diſtant from them, are eg ; 

For fince, 4. nature of Progreſſionals, the ſecond 

term exceeds the 


firſt by juſt as much as its correſponding 


2 — 


® in the compariſon of quantities accord- 


m | 
res 

fion, 4, 7, 10, 13, 16, then the ſum of the two extremes 

being double to the middle term, or mean, the ſum of 


THEOREM II. 


In any continued a ithmetical progreſſion, a, a d, a + 24, 
# + 34, a + 4d, Oc. the laſt, or 9 is equal to 
the firft (or leaſt), mo e the common difference of the terms 
drawn into the number of all the terms after the firſt, or 
into the whole number of the terms, leſs one. 


For, ſince every term, after the firſt, exceeds that 
preceding it, by the common difference, it is p'ain that 
the laſt muſt exceed the firft by as many times the com- 
mon difference as there are terms atter the firſt ; and 
therefore muſt be equal to the firſt, and the common 
difference repeated that number of times. 
_ THEOREM Iv. 

R in continued 
arithmetica e („ 9% 1% 1 15) is equal to 
the ſum of the two extremes multiplied into half the num- 
ber of terms. | 

For, becauſe (by the ſecond Theorem) the ſum of the 
two extremes, and that of every two other term equally 
remote from them, are equal, the whole ſeries, conſiſt- 
ing of half as many ſuch. ual ſums as there are terms, 
will therefore be equal to the ſum of the two extremes 
half as many times as there are terms. Fhe 
ing alſo holds, when the number of terms is odd, 


= 


as in the ſeries 8, 12, 16, 20, 24; for then, the mean, 
or middle term, being equal to half the ſum of any two 
F 4 terms 


— —C— — ; 
— IT — 


— IL ES 
— —— - — — 


THEOREM 1. 
If four quantities, a, b, c, d, (2, 6, 5, 15) are in geome 
ropor tion, the product of the two means, will 
be e ” 
For, ſince the ratio of @ to b (or the part which 4 


v r and the ratio of e to d, in 


like manner, by 7 J; and ſince, by ſuppoſition, theſe two 
ratios are equal, ſet them both be multiplied by bd, and 


the produfts 7 x bd and 5 x bd will likewiſe be equal; 


that is 7 =, or ad = ch (by caſe 2. ſett. 4) 


THEOREM NI. 


| that. the 
| Lf Ar- a, b, c, dh, are ſuch, 


4 TL 
3 FP PI 
be divided by bd, and the quotients 
7 (F) and 5 (5) will alſo be equal; and there. 


fore ::: c:4 I 


AA m. 


quantities, 4 (2, % he 
4920 15 the rectangle b dee 1 R 


will give th other extreme 


F or, 


or rRoPORTION. WY 

For, by the ſecond Theorem, ad = bc (2 * 15 = 
6 x 5), whence dividing both fides of the equation by 
# (2), we have d = = (15 5 Hener, if the 
110 mens and one extreme be given th other extreme 
; dM 6, 
THEOREM IV. 


The produ#ts of the correſptnds . fo geome 
cal proportions, are alſs proportional d 
is, i (bara: and arforgrh ten 


; | wont 


 & a 


po d 
: my FL and = = 7; by ſuppoſition; whence 
77. fe 


OE 079 0 duke. fre: 


— cubs, 5. will ike be 


- oo» 


THEOREM V. 


wy ur , a, * 56,75 are | / | 
* 2 5 { :d:c(0:2::15:\'5 
, verſely, . 72754 * 6:15 
4 55 20) 
4. dividedly, a: bare n 
1 mi - : : 5 25 = 
L =o ati 4 1 * r 5:15 
i e 5245 


* ud of the means, in each caſe is equal 
to that of the extremes, and therefore the * ; 


r . 


+ 


THEOREM 


* 


gre. el ee 


OF PROPORTION, 


- THEOREM VL 
a, b, c. (2, 4, 8) be in continued pro- 


quare 
number to Ne that is, a 


THEO R EM VII. 
I proportion I, 3, 9, 27, 81, 
every other 


For the ratio of the firſt term to the ſecond, being the 
ſame as that of the laſt but one to the laſt, theſe four 


ngle of the third and laſt but 


two, is ual to that of their two adjacent terms, the 


. ſecond and laſt but one; and fo of the reſt. Whence the 
truth of the propoſition is manifeſt. 


THEOREM VII. 

The fum of any number quantities, in continnes geame« 
trixal Fo 
' of theſe 
2 

For, let the firft term of the 2 
erer | 
n, and the ſum of the whole grefſion by x - then it 
is manifeſt that the ſecond term wi ide expreſled by ax r, 
or ar; the third by erxr, or ar-; the fourth by ar*xr, 
or ar”, and the nth, or laſt term, by a"; and there- 
fore the proportion will and thus, a + ar + ar* + ar? 
e 3 

d. 


needful) it may be abſtracted 


OF PROPORTION. 57 
 Liplied by r, gives ar T +a .. 4 
” $a” = rx; from which the firſt equation being ſub- 
trated there will remain — a + ar” = rx — x; whence 

= — rx", ax" a 
S == * — 


as was to be demonſtrated. 


— —— — 

rr 
The application f Algebra to the reſolution of un- 
| merical Problems. of 


HEN a Problem is to be ſolved 
| braically, its true deſign and fignification | 
in the firſt place, to be perſectiy underſtood, fo that (if 
| all ambiguous and 
unnec phraſes, and the conditions thereof exhibit- 
ed in the cleareſt light poifible. This being done, and 
the ſeveral quantities therein concerned being denoted 
by proper ſymbols, let the true ſenſe and meaning of the 

ion be tranſl.ited from the verbal, to a ſymbolical 

of expreffion ; and the conditions, thus expreſſed 

in algebraic terms, will, it it be 1222 
pre- 


as many equations as are neceſſary to its ſolution. 
if ſuch equations cannot be d- ri ed without ſome 
vious ations (which frequently happens to be the 
1 let the Learner obſerve this rule, vis let 
him conſider what method or proceſs he would uſe to 
prove, or fatisfy himfelf in. the truth of the ſolution, 
were the numbers that anſwer the conditions of the 
— queſtion to be given, or affirmed to be fo and fo; and 
then, by following the very ſame ſteps, only uſing un- 
known ſymbols inſtead of known numbers, the queſtion 
will be brought to an equation. | 
Fhus, if the queſtion were to find a number, which 
being multiphed by 5, and 8 * | 


* 


42 4 
Therefore * — 22 b + is = c (or 144) accord- 
ae may «queſtion be brought e In the ſame man- 
ner may a queſtion be broug 


algebraic terms, the next thing to be done, is to conſi- 
der whether it be properly limited, or admits of an inde- 


ern 2 to diſcover which, 
obſerve the following rules, 


ities ſought, a 
0 


. Thus, if it be required to find two numbers (x and y) 
with this one ſingle condition, that their ſum ſhall 42 
100, we ſhall have only one equation, vez. 1 
but two unknown quantities, and y, to be 
therefore it may be concluded, that the queſtion will 
2 —— 


RU L E II. 

* the number equations, given ? 
te roi, ©. —̃ ̃ of quantities 
| the pueflion truly kmited. 
Nor if the quali were to hd ev makers, whats 
ſum is 100, and whoſe difference is 20 ; then, x 
Fr 
ve 4 + y = 100, and x — py 20: therefore, there 
COT I CE Re CON nny 


228214 
Rs 


includes 
in, — be 


may be either 
from the of 


at the ſame time 
uations, 

aff of them 

iſed in, and 


if 


4 or ſec 
r 


form of theſe 
3 becauſe the 
what is compri 


condition but 
ſrom the other 


4M 
M4. . 


21724 
JE 


Lad 


| 8 213 
11 1143 
HTS E 


1 
5 


PROBLEM „ 
© What number is that, which being added ta 4, and 
ambit bs 4, the 2rekect hal bethe triple of the four 
a. 2 45 


PROBLEM, m. 5 
r 


then, by adding the difference 12, the greater number 

f will be” deromd by = + 124 2nd fo we hal have | 

2 + 12 = 30, by the queſtion. 

From which oquaien, 3x =39=—12= 18 and con- | 
ſcquently 


/ 


- 


| to the RzeoL,u7ION. of PronLIN, 79 
ſequently = = 2 = 9) — — 


tern bb $0 * 
PROBLEM I. 3 
To divide the number 60 inte three fuch parts, that the . 
firft may exceed the ſecond by 8, and the third by 16. 


Let the firſt part be denoted þy x; the ſecond 
will be x — 8, and the third x — 16: aggregate of 
all which, or 2x 24 is = 60, by the ggfs. 


Hence 3x = 60 +24 = 84, and == == 28: @ 
that 28, 20, and 22, are the-three parts required. 
PRORLEM.V.. .. 

The fum of 660 L. was re; (for @ certain 2 2 


four perſons A, B, C, and B advemc 


as muc As; 1 7 — 
as B and C: what did each perſon contribute ? 


and that of D's | 
rn E d 1 3 


which is given equal to: 6600. that is, - 


PROBLEM VI. _ 


ela meme wr rl 1 


What wb — ; we 
— — whe ow | 
- Let 


FR 
CODES 5 e 8 


1 


* * 
- S- 
* - - 
' . 0 a4 * fon + a 
— — ü ˙¹⁰ʃ t. 3 — — — LAS 


80 The Arrait Arion of Af 
Let & denote tha ſhare of A: 9 


hor PRODLEM! vn. 


e a , aa 8 h 


third 17. 1 
be denoted x; then it is plain, 
the ſecond 


be repreſented 
16 — x, - Bur the fun of 


wad 'by 1 
I4 = 2x3 and conſe- 


=7. Hence 15 — 2 8, and 16=x 
='93 wk Oe the eiher two mamders rogue 


; PROBLEM vm. 

— which being doubled, and 16 ſub 
trated from the produB, the r remainder as much exceed 
| 100 as the required number itſelf is leſs than 100 "= 
The number - ſought hong denoted by x, the double 
thereof will be repreſented by 2x ; from which ſubtract- 
1111 
above 100, equal to 2x — 16 — 100 : therefore 

2x — 16 — 100 = 10O— x, by the queſtion ; whence 


| bn rr 
> PROBLEM IK, 


1 


* 3 
4 a 75 


6 ROI 3 tht thee 
times the greater may exceed ſeven times the leſſer by 13. 
n be = #3 then-wll the Teller 
part 


* 


= 75 — 2 have 3 — 15 = 
EE 232 


” 
- 


. FROBL EM X. 


22 — e 
then it A bad; W 


er . 
— 159, þ the fir and 


PROBLEM XI. 


2 whe 3, port e its 4 par 
' Let de number fought be repreſented by # ; then 


22 12, by the conditions of the problem 3 


nn equation a Ar —. 99 into all 


71 


er 
- PROBLEM XII. 


eee. 


. 


7 11 35 a 1 ” = 
+. FROBLEM XI. 
-Tn a mixture of copper, tn and lead, oe half of the whole 
—161b. was. Eg a whole — IIb. tin; 


one . wer 
2 re 


the compoſition 


* * 
* ® 
(3 4 
- ©» _- 4 : | 


to. the Ruzotorion of Pronuans. — By + 


* 
.. 


82 The Arriica Trion of A 
rr, 

| = 26 | 
2 


Mo * ö 2 
r u. 


* 
3 
. $ lead; 

wn, if all thſs de ited arne. we ſhall have 


14222224 „„ Hence by 
reduction, 12x + 8x + 6x — 57% = 24x; therefore 
2x = $76, and « = N = 288. 80 that there were 
- 1281b. of copper, 84 1b. of tin, and 761b of lead. 
PROBLEM XV. 
Me Lage Ales fy ye 15 . 


Let x repreſent the required ſum; then, 5 being ſub- 
ance, there will eman 5— $3 v0 ids of hich 


will be 7 5 x 2, or 22; and fo by the queſtion, 


3 
we have A= = 40: whence 2x — 10 = 120; 


and x = 32 = 65, | 2 
| e ny 
ets iid ol jr, cd a gr Pl ene 
Let x = the required number; ſo ſhall 1 
Z + % by the conditions of the quſtiqn. 
rn * | 


ſequently x = = 48, 


a 


— * 
PROBLEM XVI. 
to 

0.6 they 


* two numbers in the proportion 
7 1d auto noch, the wr fans thine rin % 
as 3 io 2. IL 


Dex denore the lefſcr nomber ;/ ene thai wat 
+ rt Foo * 
reported Td 


| =": which 
oj FO 3.1 "IF 15 


1 


If x = the ſhate of the then het of the focond will 
de 2000 — 2; and we ſhall have æ: 2000 — x : | 
Hence, by wultiplying the extremes _ b 


gx = 14000 — 7; from which x is found __ 
875k in 2000— x = 11250 2 


4 c PROBLEM xvm. See 
Bill D #5, and be 
number + a; in woe JIf 109 4. l 


there were of 
Nr then will 300 — x be 
the number of moidores : de number of 


ſhillings i in the gulneas being 21x, and, in the moidores, 
27 * A have. 21 4 27 * 10 x/=2: 


120 * = the. ſhillings in the whole ſum : hence 
2 e, a + 3700 — 272 = 2400 and. 


= et. och 4 _ 
ee Ia; 7 ee 


— 


4 Ok The AprticaTION of AI 
PROBLEM XxX. 


in 
bf | rey Vc ie bo 
total of what he, had to receive: whence we. have this. 


= 25, equal 
he worked ; therefore 40 —25 
— Tok * 


PROBLEM XX. 


A farmer would mix two 

45. 4 buſbel, with rye, 

fo that the whole mixture may 
worth 38. and 29. the bizſhel : 
22 
wa ages 


to the ResotuTION of PBS. 65 
we have 48x + 3000 — 30 = 3800 f and therefore, 
| # = "2. 444, the number” of buſhels of wheat; 
whenge the number of buſhels of rye will be 100 — 


7 


1398 9 92 * 


ley, and for t 
fant grice; and for the wc 


recerved 340 ſhillings : now it 
what each fort of gram was: ſold at per 


nne 


*. 


4 


a. 


N 


we 
20 K or 144. þ 
x p. 72) conſequently 12 — 9 = 160 


::20+x:12+x; 1 | 


42 


and, a 
7 


11 ny. 


IH 1: 


due, 


3 : 


+ 12x = x60 + 


SCF; 


M 


7 


the _ 


— — 
"4 1 
C F 

£ 


*#, 


/ hy 


x = & x 


: 


. + be. the, ſhare of, A; then it, 3 8 


+ 14 and 4x + 14 will ref 
5 + 
1 5 n 
$5.4 972 35 4 8 357 ib 


n 


geb pre. 


"248 1 nr 


FA. * 
| 0 


E 


* 


0 he kasorv ron of PhoBLEMs. * 
225 or, 5:3: 223 E te ſhare of C, alſo, as 
755 or, 28 2: 12: 4:4 = the ſhare of D. 


— * +2 207 
— + 30% 42443 20x = Bo, thad is 134 


= 8⁰⁰ and conſequently x = 502 = ven the ſhare 
— tf B will be = 5441 that a 
C = 44} 3 andthat of D (>) = . 

PROBLEM XXV. 


A market-woman bought in a ecrtain number 
2 2 — ———Y 


2. 
ain, at the rate two pence, and. left four pence 
þ mg what » Nasr alt fhe buy and Lt 215 
Let x be the fivinber of eggs of in pres, & tit 
then = vil be the number of pence which all the firft 


fort cot, and © the price of all the ſecond fort ; but 


" the whole price of both forts together, at the rate 6f 
IN CO INT Hey e 


U =) 


OS +3 vera 
1 + 108 —245 = 199, 2 


* 
WO —e—ũ— 23 


PROBLEM XXVI. . | 

A compoſition of copper and tin, tin, containing 100 cubic 9 

incbes, being werg eee ke „ 
4 


e 


=Y 3 The Amen er Alea ; 

a cubic copper to 1 

l L d!“ 7 | 
Let x.be the number re <xf- chin 

c _ I | 


E x (cubic inch) :: gr inches of copper, | 


| 4 * . 0 2 inches of tin. 


; - td DIY 100, by the queſtion. 
An. 54 x Jo—Z= 54 x AN 100, that is, 
2 . e 22223 

W 4 
which, by rejetiing the common diviſor, becomes 


17x + 21 „ 505 — x = 21 X 17 


nm ia = « A 4 2 


whence x = ee 
e two numbers required | 


Suppoſe x to be the number of ſolid nts If cap 

; then the number of inches of tin being 100 — x, 

have, of X * + 4 X/ 100 — x = 505; that is | 
EI EROS: 


rde nk = the half of which 3 


701 
whence ſubtraQing þ, the remainder ( — 


* will be the number of hep kek after being f. 


5 dered the ſecond time : in like manner, if from ——3 


2 
main = Ee the number of ſheep re- 
| mining at la Hence we TI = $5 hen 
fore & — 7 = 40, and = 47. 1— — 


PROBLEM XXVIIL 


andthe — equal to 403 * fd 


| 
| 

' 

| 

ö 

| 

1 


tze ſame manner 


90 Tbe Arttacarion of Al cubna 
all other of the dne kind de - 
queſtions a 


| As an inſtance hereof, let the lad problem be -agaih 

reſamed ; then, the given Wer of the 5 | 
- numbers being denoted by a, the difference 
ſquares by ö, and the leſſer AMA. NWT 
Will be & + 2, and its fquare * + 22 + 4*; from 
which, a, the ſquare of the leſſer number, being de- 
ducted, there remains 2xa + a* = bh: Wence, if 43 
de ſubtraftrd from both ſides, there will contain aum ts 
þ— aa; this, divided by 24, gives & = — 26 and 


conſequently # + @ = 2 4 £ = Fenee it appears, 


that, ns on 
twice the difference of the numbers, and half the 
ference of the numbers be ſubtracted from the q 
the remainder will be the leſſer number; but if half 
Nr 

the dif- 


tze ſum will E 
ference (a) be 4, Ge mans (+) i nt) wee 
40 (25 in the cafe above) ; then ( ==) dd biſetede 


of the ſquares, divided" by twice os ime of che 
numbers, will be 5; from whieh ſubtracting Oo) half 
the difference of the numbers, there remain ' 
leſſer number he 3 q; and; by ailing the 


difference, you w aumber,. In 
L e the toe mbers 
had been g given 6, and the Difference of thats 

the numbers dates would hve come or 
+ and ſo of any other. | 


58 PROBLEM XXIX. 
numbers, 1 
Na of de, Ns = 


_ 


"Put 0= 90, 208 $2: 120; wit le o de ihe bolded | 
ber fought, „ 


ts the RexororIon: of Puonraiia. 65 


ſquare is as — 28x + &* hom which the ſquare of the 
leiler being ſubtracted, we . 


- duved, gives x, the leſſer number,” = 4 n 


Err = N 8 —— + 


2 : 17. 4 — 


— 2 
26 
- had hes Na Re Co hg” 
t = x, the leſſer would have geht» +? 24.2 
reer 


e 
= 5 anne | 


"PROBLEM xxx. 


ot dyent A, atone, produce an Meer „ i 
r. ee in the tmp; * 
ce ect be denoted by, Ari ir be; 


285 2 * 2: 2 the part of the effect produced by A: 


— 


rns es. : * Fo the part pro- 
duced'by B: t 6 2 2 Divide the whole 


| by 6, and you will have = + 7 = 3 and this, ve. 


3 n ase eee if 
there be three agents, A, B, and C, the time wherein 


* 1 - 


n 8 will como 


7 I and Agr de 
ENCES 
4 


* 


- 
= 1 * 1 
m 
—— c—w— ——õ -.cz cos ——— ____ — — m—“AA. r. ———·˙— OI OOU— Ro - _ 


| 
| 
| 


ö OY OO OOTY ONT CTR Ton 


N 
4 
4 
= 


- 
1 


8 


* 


- « _ [ 
fame piece of work in 4% days; for in this. caſe, 
| og being, = 10. 6 = 12, „ . n 
255 — — —= 4 


2 a+ (r 10 X 10 T 12 & 
 - >. PROBLEM Ml.. 
Tims travellers, A and B, ſet out together from 
— | 


fff day, 26 the ſecond, 24 the third, and ſo on, 


PROBLEM XW. 
numbers,. ſo that } the N 
to 

third, 


5b = 47, 


* 


k 
\- 


G| > wie 


>[* wn win 


F. - 
o 
* * . 5 


= 
os 1 
4 
1 
= 
6 


120 


7 ©; 


223224 2=8+15+24=47 


kt 


4 


: 


'of money to be divided an 


Jove ofthe $7 was þ the fam of 


if the 


* 

* 9 

* 

| ; % 

x 

= * 

o 1 ._ . 8 
— „„  — ——DU— ͤ«rws 2T4EÆ·- K ũ —U—m—U —_— 


Co Me dolthe . and y = 7 — 
values being ſubſtituted in the firſt equation, we have 
2* = 3 + 5 + #, of» E; but, by the 4th 


* 


f PROBLEM XXXIV. 


Te numbers, ſo that the | 
' he Gem ney te 351 (2), the fcend wel; of the 
2 to 476 (b), e third with þ 1 
595 . 
The being denoted” by #, y, = and 
rt woody dep h = — op | 
bra terms, we bene the four following equations: FO 


242 122 


5 # 


u un 
* 


z + 


wx +[n win » 


* + 


MN 
« 


| | the RecouuTION of Pnontans. a3 - 


| From the firſt whereof we get x = -=4 


from the 4th, x = S 4 24 
93 100; but, by the ſecond, y = þ— 
"I therefore 2a — 10d + e 


3 


== ba + *. but, by «he thicd, = 2 


T 
whones 3b. 6s 8 90d > gow = 4 amd 12h 
. 1 4 — 2; = » = 


EEE RL bends mes. 1 
- Ty 076 whenegaFe 70 


= 486, y (=>b— 55 n «(= — 2 199 


| Let the firſt of the required 
(as above); a 
— it is. manifeſt. that the 
_ 
therefore ſocond number = 28 — dt moreover, the. 
ſum of the ſecond, and 3 of the third, being wt ot 
it is likewiſe evident, that g of the third muſt — 
b minus Staal Nat loan b-— 20 & an. en Chih 
quantip-the: third wawpher — 
manner it will that I of the fourth number 
= © — Jþ + 64 — 6x; and conſequently the fourth 
Go ens 205. 2 oat at whence, by the 


fuellen, 4c— 12h + 24 24x + 3 e 


PROBLEM XXxV. 4 


2 TE wEE mm 


the fir f# be 
4 Teh third 


by 5 (4), end the fur 


ee Bas by's | 


tg 4 minus the firſt, 2 and 1 


x 


1 
4 
9 


— 


„ eg 


Let x, nao, eo the 


— Nr FT a 
| ; * + rte: 
Who 

other equal. ues, ſucceſſively, x = dy — b, y = 


+ c and x = d; all which, being ſubſtituted, for | 

their in the firſt equation, we thence get dz — 

b+ & ++ + en whence dex + 246 += 

a + þ — , 

70 =0+b—cands = =: There- | 
fore x ( . and 
e 

8 PROBLEM XXXVL. Gy 


e e 11: 3 — 


141. -. 


pare performed by B. in the fame dne; whence, by the 
3, 00 ein, = += = 1 {the whole work). And, by 
| proceing in ihe very fame manner, we ſhall have 
theſe two other Os ei + 2 * = b and 


oF, 


27 22 1: : let the firſt of theſe three equations be 


ae . 224 


x 


* 
= 


N 
+ 


\ 
ILLICIT CE-S SIC 


* 
I 


| that the work of B, in ons day, will by expreſſed by 
1— 
n C, Is ons day; by 0 N 


| the fun of ths two h is e. r 2 


1 * "en 


gs The APPLICATION of Arn A 


2 2 © Tale 
to the work done by A in one day; by which divide 
x (the whole) abd the quotient, j—2©—; will give 
the required number of days in which he can finiſh the 


__PROBLEM XXXVI.L 
To find three numbers, on theſe conditions, that a times 
the firſt, b times the ſecond, and c times the third, ſhall bt 
to a given number p; that d times the firſt, e times 
the ſecond, - and f times the third, ſhall be equal to another 
given number q ; and that g times the firſt, h times the 
ſecond, and I times the third, ſtall be equal to a third given 
number r. ; 
Let the three required numbers be denoted by x, , 
we | 


and 2, and then we ſhall have 
ar + ly + cz = 
dx TZ tz. 


ſecond, and from g times the firſt ſubtract @ times the 
third, and you will have theſe two new equations, 

. | bdy — azy + az — ofz = dþ — ag, 

bas FE 
or, whi are the 3 * i | — 

N-. 
and, 2 Xy + Xx = gh — @r. 
Multipty the firſt of theſe two equations by the coeffi- 
cient of y in the ſecond, and vice verſd, and let the laſh. 
of the two products be ſubtracted from the former, and you 
will next have c{— af x bg — ab x z— bd —ae xg — ot 
X 2 =bz—ab X dþ — ag — b4—aet * g —ar ; and 


| a cd — af. x bg — —bd—ae X cg — 
whence x and y may alſo be found. | 


do the RxgotuTIOn of PxonLaMs. 99 


1 Let the given equations be 
x + 44 4238 
wy E 
3 +» 
Or, which i the fame thing e 22 1, 
= 12, =, = = a= = 
= 10, and r = 83: Le theſe values being fub ene 


| above in that of 2, it will become 3-2-3 
2-4X 7 6-2-3x 3-10 3-10 


n Herr ve 
Eren — — 


i ſquare 
concerned, as xx = ab; 
both” the ſquare and its 
root are found invelved in & terms of the ſame - 
equation, as in the equation x* + 2ax = bb. The re- 
ſolution of the firſt of theſe is perforr 


— — 
— 2 


8 — * * 
8 — 1 — -„vy we — _ - — —— 
* ® d . - de — 


thus, in the equation, x* + 2ax 


+ a* = Þ + a?, before 
us, the ſquare root of the left-hand fide, x* + 2ax + , 
Xx+a=a#+ 


according to the different variations of the figns : thus 


4 + 2ax = , is called an equation of the firſt form ; 
x*— 2ax == , one of the ſecond form; ard x* — 2ax 
= one of the third form 3- bur the method of 
extracting the root, or finding the value of. x, is the 
fame in all three, except that, in the laſt of them, the 
root of the known part, on the right hand is to 
be expreſſed with the double ſign + it, x having 


= 
8 


two different affirmative values in this caſe. The reaſon 
| of which, as well as of what has been ſaid in general, = 


. AO <f PUNngg, ws plainlPap- 
pear, by confidering, that any ſquare, as x*— 24 + 
2 or 4 — &) is 
compoſed of three members ; whereof the firſt is the 
ſquare of the firſt term of the xoot 3 „ 


=_y 


to the RasoLuTION of PROBLEMs. * 108 
firſt into twice the ſeconds and the third, . 
from whence it is manifeſt, 
ta if te rt nd cond tons of the hte be ire 
the remaining term, but the root 
the method delivered. 
1 as to the ambiguity taken notice of in the 
third form, where x* — 2ax = — , or x* — 2ax + 
= ſquare root. of the left-hand fide 
a, or a— x (for either of theſe, 


bangs E 8 the ſame quantity) therefore, in the 
2 I 


The ſame ambiguity would 
er forms, were not the root (x } 


PROBLEM XXX m. 


that number, to which 

AS * 25 e 
vice the ſquare of the r be 1747. 
ers AN 


102 The APPLICATION of ALA 


conditions of the queſtion, we ſhall have x + 20\* +3 
* - = 174753 that is, * + 40x + 400 42 
— 40x + 200 = 17475; which, contrafted, gives 3x* 
= 16875. Hence x* = 5625 ; and conſequently, x = 
V 5625 = 75- 
PROBLEM NXXXI&gK. 

To divide 100 into two „ that, if they be mub- 
tiplied together the ple rod pri: oo. 7 

Let the exceſs of the greater part above (50) half the 
number given, be denoted by x ; then 50 + x will be 
the greater part, and 50 — x the leſſer; therefore, by 
the queſtion, 50 + * X 50 — , or 2500 — x* = 2100; 
whence x* = 400, and conſequently x = / 400 = 20; 
therefore 50 + x = 70 = the greater part, and 30 
= 30 = the leſs. | 


PROBLEM XI. 
er 
e ratio of 3 (a) ta 5 (6b), 7 65, added to- 
gether, make 6679 þ APR 25 
Let the leſſer of the two required numbers be x; 
| b 
then, „ b * — = the greater; therefore, by 


the gueſlion, x* + — Sc; whence d Tin 


PROBLEM XII. 
| To find two numbers, whoſe difference is 8, and product 
If the leſſer number be denoted by x, the greater will 
be y + 8; and ſo, by the gugfion, we ſhall have & + 8x 


to the — of PROBLEMS, 103 


= 240. Now, by completing the ſquare, & + 8x 
+ 16 (= rere 
root, x + 4 = V256 = 16: whence x = 16 4 = 
12; and x + 8 = 20; which are the two numbers that 
were to be found. 
PROBLEM XIII. 

two numbers wh? difference be 12, and the 
2 y * 

Let the leſter be x, and the greater will be x + 123 
therefore, dy the problem, x T 13 + x* = 1424, or . 


2x* + 24x + 144 = 1424; this, ordered, pas + 
12x = 640; which, by com 3 


x* + 12x + 36 (= 640 + 36) = 676; w 


—_ 
ing the root on both fides, we have * + 6 = (V 676 - 


26 ; therefore x = 20, and x + — 
numbers required. 
32 — 20 S 12, 
For } 3. o+ 20˙ = 1424- 
PROBLEM XIII. 


To divide into three ſuch parts, that the may | 
_— 'by 4> HF erz TE 
mey 

Let x be the firſt part, then the ſecond will be x + 43 
the ſum of theſe two being taken from (36) the 
we have 32 — 2x, for the third, or remaining 
- gart; and ſo, by the queſtion, x* + ® + . + 32—20P 

that is, 6x* — 120x + 1040 = 464 3 2 

CEE co onto” —— ov = — 96, Now, 

by completing the ſquare, * — 20x + 100 (= 100 

— $3. 64.99% by the root, x — 10 = 

= 2. Therefore x = 10 = 2, thatis, x = 8, or x = 
334 thee K„ 


PROBLEM 8 
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Let the leſſer part be denoted by x, then the greater 
will be 4 — x, and we ſhall have 7 r x x = = == 
m x*, that is, ax — * = a* — 2ax ; whence x* — Jax 
= — &; and, by completing the ſquare, x* — Jay 
+E = (— a 120 =; of which the root being 


ee 


— 
2 


thereſqre x = 3: * = But x, by the nature of 
the problem, being leſs than a, the upper ſign (+) gives 


5 | — 

| = two great; ſo at &'= I—-VE = 3819658 

Ec. muſt be the true value required. 
PROBLEM KXLV. 

The ſum, and the ſum of the ſquares, of two numberg 
being given; to find the numbers. 

Let half the ſum of the two numbers be denoted by a, 
half the ſam of their ſquares by 4, and half the difference 
of the numbers by x; then will the numbers then. ſelves 
be repreſented by a — x, and a + x, and their ſquares 
by a — 2ax + , and 4 + 2ax + ; and ſo we 
have a? — 2ax + * +& + 2ax + x* = 26, by the queſ< 
tion. Which equation, contracted and divided by 2 gives 
* + © = b; whence x* = b — , and conſequently | 
— ** . Therefore the 3 ſought arg 


"4 R 0 BL E M "mn. 
The ſum, and the ſum of the cubes of two numbers being | 


to find the 
* expreſſed as in the preceding 


e 
problem, and let the ſum of their cubes be denoted by 
g r a—xP + LOTT SC PROS 
orgies 9 Y wy" 57 


PROBLEM XLVI.- 


The the ſum of the bi ates (or 
of two fox, endite fam of to find the Ar Ga romey | 
The numbers bein denoted as above, we ſhall here 


kavea—X} +4 +4* 4, that is, 2 + 124 + 
2x* = d; from which, by tranſpoſition and diviſion, - 


| Gar = Id — a* pleting the 
21 60 yg * r! 
Ni. and, conſequently, x =V =? x 5 * 
PROBLEM XLVIII 
The ſum, and —— 


numbers. 
ag pedo * the preceding problems being ſtill 


rewined, we tall have 20 + 200% f =#3 and 
| therefore, xt + 20%* = 185 — ind i „ = 


PROBLEM XLIX. 


Serge 

and if the greater be increaſed by 8 (0, 

$ (©, 13 
ale 


by, mln * 


x + 6 x'y + c-= d, by the conditions of the queſtion, 
D Lopartn 


will have 7 + © x x +a =d—a that is, 
# + 9+ be = 4— 64 whara bath fey bing nl: 


* 


x06 The Arrricariom of Alcan 
py (in order to exterminate 5), .we theneo have 
fore is bxy = ab, and conſequently, by fi this 
value in the laſt equation, .f + ber Ee, 
W o/ a hs = — 6b, and therefore 


== —b(= 28), Ep} 


c 
hence a —fe th ==—Z+ 17 K 
V2. and x = EL N- : 
or = 12; and conſequently y (2) = 10, or = 7; 5 
For 83 | 
12 + „ 
Allo fn En 
by 16 ＋π 8 * 7.5 ＋ 5 = 300. 
PROBLEM L. 
Jo that their their 
ee fe fre e 
n and the leſſer by 5, 
See: = me ſ e 3 
+ IVES 12 X ww 
n * value, iubllitured-for 1 
rr therefore y* — y 


= 1, andy =} +v4; conſequently x (1 1 = 
VI. 


ä 


PROBLEM II. | 
To divide the number 100 (a) into twe-ſuth parts, that 


the of their ſquare roots may be 14 ( b). 
the greater part be x, and the R 


nnn as talc, 3 


* 


to the Nas rio of PRoat xs. 207 


by ſquaring both fides + 2V4ax — xx + a—x = bb; 


— . therefore, by ſquaring again, ax — xx = 


PROBLEM LIL. 
bought 
21 e -er fl. 
ad ganl , , bed by them. the queſtion is, 
I TT FEES ONS Es 6 


punter of Nh, which they al cle dye 


the quotient, ——=, will, it is evident, be the number 


of ſhillings which they coſt him apiece ; and. ſo the 
number ſhillings they were fold at per head will 


be , by the queſtion ; and therefore this, mul- 
tiplied | by x — 15, the number of heep f fold, om giv 
1200 + 2x — —— — 39, equal tothe whole number 
et ſhillings which they were all fold for; that is, 1270 
| #2 — == 1080: hence we have 1170 + 2x* 


— 18000 = ro80x, 2x* + 90x.= 18000, „ + 45% = 
9000, and = v/9506.25 — 22.5 = 75, the number 


* 
— 


res Tue Arrtieavtou of Arran 
PROBLEM LMI. 
Two A and B, betwixt them 
(c) eggs to market ; they beth rr 
to 


If the number of egg | 
number of B's eggs be = c — & ; therefore, by the' 


problem, it will beg «x: 63: 8 n = the num- 
ber of pence which A received; and as : b:: — : 


which A had be = 25 the 


_ = = 40. But the value of x may 


de otherwiſe, more readily, derived from the equation” 
* = b x I, without the trouble of completing | 
des thereof, we have 2 e = x vs; whence 
W eee e n 
iin eee 


— 


— 


to the Rx$0L0TION of Pon. tog 
P. KO BLE M LIV. | 


One bought 120 of pepper, and as many of ginger, 
and had one pager mare fly 0 eros than of Pers 
and the 9 the at of Or ener by 
fore crewns : if Paper ba for a crown, | 
and how many & ow - 

ES s 
for a crown be x, and the number of pounds of ginger 
baked eee ee 


* be = NAG PURI RAGE. 


Fi. 
120x + 120 — 120x = ba* + br, and therefore a* +8 


'= 20; which, ſolved, gives x = 4 = the pounds of 


pepper, and æ + 1 = $5 = thoſe of ginger, 
PROBLEM LV. 


N wher 
3.721 1 1232 (a), and of 
mean greater t of the two extremes by 16 (b). 
Let the mean be denoted and the common dif- 
ference by y; then the numbers themſelves will be x —y, | 


x, and x — hag. 38 5,11 


two equations, 
| x —JÞ +: +*+x+ = 


af =x—yxx+3 +6: Rn ends 
3x* + 2) = 4, and of = &* — 57 + 5 x from the latter 
whereof we get y* = b = 16; and conſequently y = 
VT Sound for yin the former, gives 


1 1 = ©; whence s* = ==, I 


9 2 N = 20; fo that th theee required num- 
bers are 07 55 and 24. 


16* + 20* + * 12 
For | 4. * — 16 + = 6. | 


* 
* 


PRO. 


5 = Tin ep 


two, 
go Soi the nur ber E + png iy 
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PROBLEM LVI. 


Hem, > — —3— = #3 which, freed from fraftions 


gives by + ba — be = a + dx, that is, ba = ax* + 
a; whence, dividing by a, and completing F 


the 
we have x* + ax + $a* = 7 + |; therefore æ + $a = 


a and conſequently x = vb +{1a*— a 20 
the leſſer number, whence x + @ * 


To numbers wheſe is 80 (a be 
2 2 24 ſum e hal 


b). 
e the numbers be 2 


2 +6bxx* TY =-; whereof both fides 
being divided by 2 + „ we bave-s* — ar = = 


a 

2 
are the n umbers that were ta be found. 
PROBLEM LV. 


G5 


po ee 21 
for y and x, their e 44) 


LEE (28, and completing the ſquare, Oe. x is 


found = 3 | Sho. oh. 3 * 


+ PROBLEM . 


15 


ꝓ———  - 


- _ — — — ——_— — 
a ” 
* * 


— - —̃ — 
* 


— 2 — —— — — — — — 2 —— ́ ] 
* 
* 


— by the queſtion, we have thele i 


therefore have; 10 


be: a he | 
224 (be tit in which the firſt traveller goes the 
BO: of (the time in which he goes the diſtance 
Eo arid the ſame reaſon, BD : DC: : + {the time 

in hich be goes de Rar: DC) _ wherefore, ſince it 
appears that x is to & in the ratio of BD to DC, Th 


x in the ſame ratio, it follows that : a: : 6: x; whence 


4 = ab, andx = (= 6); therefore « + Vaþ = 10, 
2 e "1 


8 8 PROBLEM. LX. 

There are four numbers in arithmetital progreſſion, whereof 
the product ae fur member is 3259 (Js and that of the means 
3300 (6) : what are the numbers 

Let the leſſer extreme be repreſented by y, ind the 
common difference by x ; then the four required num- 
bers will be expreſſed by y, y + x, K 2x, and y + 3x 
n 


Ze = 6, and A 


JN, or * + 3zy + 2x* = b; whereof 


the former being taken from the latter, we get 2x* = 
b — 


| b a: and from thence N = =. But, to 


find y from henee, ve have given fn 25 # (by the 


firſt Rep); therefore, by completing the ſquare, Gt. 
j=Va+ EE = 50: and fo the four nunt: 
bers are 50, 55 66, and 65, 


PROBLEM txt. 


The fum (20), and and the Jum of the ſquares (308) tir 
2 8 IT 


ö 
FRI 


goes the diſtance BD) : x (the time 


— 


8 . 


, thn, N | | 
nn 9 


PROBLEM. Ll | 


2. gimen the fave * the ſquares 
N 


71 477724 F 


KELL 30\* „ + me = > l 
But (by Seffion 10. Theor. 4-) the ſum of the firſt of theſe 


progrefions is. us þ I: And the ſum of the 
1 will, dd" hewn further on) is 2 + 
2 . An . he f our 


3 
non + To xe + — 
two eq -quati tions will hee 10 
29 D an 
CILLIF 44.4 Z , 


N 4+ 


«= 2 & 


7 


2 i 


ey 
8 4 


: 


195 SO %, 


n, The Arrricarion of Auen 
| | let che firſt of theſe be ſubtracted from. the ſecond, ſo 
. mall . I. .. L IN. 


- 


" —_ 


* * 


— 


7 


3 
2n +1 271 


4 


* — — — 
But 241241. 


E 


2n—2 1 1141. ni 2. 1 


kk. 
* 


— — 
. — 2 
” * 


— 


„ I. 


12 E 
. M 1 - 
= 


5 miles 


meet. . 


every day: 
ſecond, 50 the third, 
now it 15 required to find in 


"i 


- : 
— »'S 
bh * 
* 

© * 

- * have 

1 F yy 

6 * we 
af 4 I f 2 


to the — of ennie 118 


E l CY 

+FF7 + 7 + + x Cel where each pro- 
N But he fam of 
firſt of theſe (by des. 10. Theor. 4.) is = 


N21 Xd 


MOTT, l 


. : therefore theſe two laſt expreſſions, 44. 


of a the conilitions of the queſtion, 
UN whole given diſtance; which 
woes > bb 


. = >, by 
Gin bong A 
witagf = p + % = 2, or f — x + 


bo tk by cn oa 


r 2 —£+2. But, in 

the cl prpae, the infe more mg, 

nnd oy by ware cal . 
SE EST ld: 


FAN 8 = b; for, + being = &, 


nee tidy ans ot ofthe 


uns The Arplicarion of Aena 
number of days, in which they und the whole 500 


PROBLEM: LX. 


Two per ſomt, A and B, ſet out t br from the Jams 
org EE VT Se oes 8 miles the 
„12 the ſecond, 16 an 
miles „ oes 1 mile the fir, 
XS NHS 
number of days : the queſtion is, to find how many days each 
mu traue before B comes up, again, with. A. | 
Let (4) the common difference of the 
12, 16, &c. be put e, and the firſt term mi 
. err din CHICO 
terms, or the days each perſon _ 
| x: then the ſum of that progreſſion, vr the 


miles which A travels will be x x m + = 


\ 


22 5 the queſtion we have 2 22 vg — . 


18 


X X 
= me + £ *+1 1 


LECTED * 22 


= 7, the number of days 
PROBLEM LXV. 

the ſquares a), and the inual produtt 
03 fr dats 5 al progrifſon king oe, 


— be den by 39 ad 


the leſſer extreme by y — t 
Fw 4 oh” db Sages Tre Fr 


— y + x, and vel 
=... . 1 3 
1=3t +1= e 


. : and there- 


fore W. — + values b 
— in the Ther + . hes raves being 


mar? + $ou* + gt = þ, and therefore — F 
3 


PROBLEM LXVI. 
„„ ical pro- 
portion being given ; to find the numbers. | 
Let the ſum of the means be denoted by x; then the 


x + a 4 


PROBLEM LVU. 
geometrical proportion being given; to find the numbers. 
Let the ſum of the three numbers be denoted by , 
and the ſum of their ſquares by ö, and let the n 

bemſelves be denoted by x, y, and z : then we ſhall have 


* a 


— 


PR OB L E N LXVIII. 
Be for the grade (y) of any two numbers 
Fun. wah I ge 5; | 
drates, &c. of thoſe 1 5. | 


have f the 
. 
. ſo 


Ws 


OF w 4 


is 
mole 
= 


LF 


Ee Se. 
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1—5 —5 n-—6 5 
re-. g mg, 


PROBLEM LXIxX. 


The the ſquares (a), and the erct 60 the 
LA, 2 Er 
the numbers. * 

ler ug ſum of the numbers be denoted by 5 and 
their product by r: then the ſum of the ſ dees will be 
5" — 2r (by the loft problem), and we have *#— 

= , and — 2r = a, whence, by adding the double 
of the former equation to the latter, 2 4 + 2b; 
and conſequently s = /@ + 2b +1 + 1. From-which 
r(=b+5) et known 3 and from ance the 


PROBLEM IxxX, © 
The and the the b 
„ S 
" 

If x and y-be taken to denote the two middle numbers, 
mn, coins 4, 


will be truly repreſemed by = and Z. cs bod 


Pit die ford of te tad moins nr a ud 
_— TOR 


(E+ n | 


(by the nature of the queſtion). ut (by Projlen 15 
the ſum of the ſquares of any andy AN. 

ſum is 3, and rectangle r, will be = - 27 ; and (for 
the very lame reaſon) the Fum of the quares of gu 
two numbers (whoſe YR 


deere EEE, 


eee, _— . 


— 


1—— — B4E S's 6 


we get A + ay 00575 eee | 
. fone Prob. ul now putt) of +5) = 9 yrs threes | 


| — PROBLEM , LXXI. 
xeon ex ae (6) num 
d eee 


7 +5 ＋ * 12 2 „ 1 22 
. A by the queſtion. 


. 
5 +y ++ F= =, f 
+2: wen by the firſt equition, © 5 + 
| Wherefore, ſecing the ſum of 
r 
F 


* 


| | 
1 * — * 
* 


; 


I! 


1 
5 
1 


97 
F 


bo 


ne epuin jan SE $47 = <1 


.. 


1 
| 

| 

i 
1 
= - 


| foſhall ga — 2 = bz, and therefore = = — — 2 


_ - The erer of Atczma 


2 — 1 — FAI = # which 
Fo . =I which, by 
wu [68 208 — 299 +208 + 239 —2y = by 
and ay — 1 — ay + „ =0. 
To the former of which dd the double of the late 


3 
From whenee, and yy +a—=s * y = un, the value of y 


(= Yu F _—_ — ED) is likewiſe gen. 
PROBLEM LXXII. 
„the the ), and the 
* 7 2 3 in 2 = 
tion being given; to find the 1. 
Let half the ſum of the two means be x, and half their 


difference y; alſo let half the ſum of the two extremes be 
z, and half their difference v, and then the numbers - 


| Elf 


ji 


to the RBO Nο of ProgLEMs. 

Let 4b — de value of w, in the former of theſe 
equations, be ſubſtituted, for its equal, in 
and we ſhall next have 22* + 8 — BN + 
— Faded moreover, i for =, In. che lull aquatic, 
ual 42 — x be ſubſtituted, there will come out 2 x 
1. + 82% — bx x 4 ama + 30x Þ—axx=e; 


that is, SITES - +2 S 
ax c Fa. 
17 2 EA ee 


c 3 
21 


123 


X 


3 


The ſome otherwiſe. 


te lum ofthe to means = 6 and their aa. 
=r r 
and their reQangle = Yr (by the iam) : 
and 


== 2 —32 = cg" 
— 22 


+ = whencs the value of 5 (= © — 


43 whence, #4 v, and y, are Heri 


* 
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2879 
giren, being (when neee is made) f 


+ wa — 
aa 7 2c Ts 17 
2 * \ * * — Q - 

* 


— — — — 


+ 7 Ba HERE 
PROBLEM LXXI. 

- Having given the ſum (a), and the ſum of the ſquares 
(3), of ary mander of quantities in geetriclprogrſion 


the progrifſion. 
Let the firſt term be denoted by x, the common ratio 


2 u d 8 — orgs by ©: 85 * 


4 + xx + r n 2. 
r e. 


Multiply the firſt equation by 1 * — 
by 1 fo hall n 


„ T—=, 1 
rr : 
| Divide the latter of theſe by the former ; whence will 
be had x + xz" = = x T'F 2: letthis equation and 
the firſt be now multiplied croſs-wiſe, into each other, 
| in order to exterminate x ; ſo ſhall ax T 
2 _ 


If be an even number, put am = n; then our laſt 
equation, when multiplication n by 1 1 + is actually 


made, will ftand thus, 1 XTFI=1+2x +26 


5 e 8 + 9 wh, 


ed by z", becomes 7 tr” 


þ 2 7 
2 


S. 12 


* 


to the RE80LUTION of PaonLaEMs. Tag; 
44 Let be now put (= — + 2) =. 


the fam of the halves of the two terms of ths, Gries 


adjacent to (2) the middle ons; then, the reflangle of" 
ties „ the ſum of their 
SCC 


toſs) will be = 5? — 2 (by Problem 68); and the fum 
S + #) EF elf Go 6 ent eh to theſe laſt = 


Ra 0a dy - pk 2795 $0 2 


931 _— 


= Q, and then ſubſtituting above, bove, Ute. our equa- 
fon becomes ———— TDD. 


* 45* + 2, &c. continued to 
for a terms; whence che 


Thus, let =, r given, be four 3 
then m being = 2, 2 + * | will be £2 = 85; 
and our cquation will Bere, "he x s* r 


— 


If be = =6 Q(= Z +) will be = 7 


eee © ITS" =z = 
,* + 5—1; and ſo in other caſes, where » is an even 
2 adi number, and let both” 
If n be an put 2m = 513 1 
ſides of the equation 0 e 1d 


| r E N N 
| be divided by x + =; Go ſhall e 1 

b ꝗ— 
— — n 


| (becauſe N IN e | 


—_—_ — — = ＋— _” — — 
* 


* 
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124 1 tranſpoſition, and ſubſtituting , 


. 


a — 7 * 7 * + 2* = & 6. LE =o + 7 _ 
wi #46 aa + 3 


——— ——— = ; , N 4 
s +5 „„ t pt —— = cand bet 


a N : 
the whole equation be divided by « — 7 * ="; then will 
I 1 n 
— — — — 6 & & 2+ + x" 2 + 2* => 
— ct bas 


. 3 
1 5 I by ul 8 "DF 
XN === + =... + 33 + | 


In the firſt caſe | our equation may be wrote thus, 
TY Is 2 4 ö 22 
3 2 + 1+2+ 8 3 
22 F e 
e * — = 75 * * 


1 1 — 1 | 8 1 8 
. . * * 12 


S = A r —48 + 2, &c. we thall, 


ber, and the even powers of z come into the ſecond 
ſeries,” we ſhall, by-the very ſame method, have 


eee 
2 O: ö 


-In boch which caſes the terms are to de ſo far conti 
nued, that the exponent of s, in the higheſt of them, 
1 Thun, if a, the given number of 


mY * 
terms, be 3, then » n=?) being = 1, the equa- 
tion belongs to ca 2, 26d wil be s = c, barely. If 
re 
or gf — 1 A by caſe 1. If = be 7, m will be 3; 


and ſos 7 — =7X 1+5*— 2, or f + 25 =" 
c =. by E: Laſtly, if 2 =.9, then m 42 


and therefore I + 4 21 — Hager 35 
or f— 37 + I = c x ih caſe 1. 


3 . LXXIV. 


_ 
— 


the a), and the fum of thrcubes CI,, 
Ta gamer Seren 


_—_ 
— 
Z I W 


BD 
nul + 0 40D a = = 5 -. 


(by 
Thiorem g. Seck. 10). 

Divide the laſt of theſe ha qui bythe ome, fo ſhall 
2 * - X 3" — — bs 
—'= x. 

4 2 1&2 —1 


l 8 2 
gy * — 1 & 2 1 


2" + 1). Let this equation, and che ſquare ofthe iſ, 


= x EXDEEF T, be now agel, erg 


wits; in vonder 1e exterminate ; whence will be had : 


* - 
—1 


L 


— „ 2 ͤ%— : 2 pe — 
_ Py 


| fur Jet be denoted by 6 ;_{o ſhall our equation beconie 


FRY 


| ger eilten e. . - 


TOP ns. Ca it 0 
Lo 4+ = of u 2 4a Sen. 

3 * my —= X £ 1 3 2 2 

1 r ls, © | 


before) the ſum of a and © = * 45 then, d ae. 


gle being x, the ſum of Mels m powers le, 4 2 
will be had in terms of « (om Proplem 6B), which 


10 


S — 2 S L. — 1 
5K — 2 = & x TFT : whenee the value of « 


7 2 der of terms be © 4% den 


s (the fum of the eubes of x and 2) deing''# aL yg : 


we have þ nLSBS2 & 0 Smits; 1 


i, bydiikon, bx FELT = at EQPEL 
If che number of terms be 4 3 then will 2 


4 +23 andtherefore þ x — — . | 
— 
which, by an aftual diviſion Tr is re- 


de X F427 = @ x om om 
Again, taking a = 5, we have 8 = 
1 ; 
3 "EST 
3 Der 
— * £ — 8 == 455+ H; and fo of. others c 
where it may be obſerved, chat — B' == 2, 
2g +1; ill be: always A by chew 'reſpeſtie 


—_ — —¼42ũ2 . — 


"te $305 "PRO. | 


ATT r e 


— 


„ 4 [1 
& % 


Þ a7 + act c. + bed ke.) = N, 
2 ie ders the fm of the Rk, cor, 


7475 

1 747740. = fupt'of zn thiquan- 
a __ ities after the firſt (4), >. 

g = be +. bd + be &c; + cd + Kc. = the 

a ſum of their rectangles, 

oh: F r = the ſum of 


. 
— 


of 


* 


4. 
. 

* 

- 
E = 


the double A, £ 
„ Whew. 


re ht out, it is evident that 
of b, f. 4 Le. delides the ſquares, « 22 
Ir 3 | a ag wi 


Jh 


2 


ff 


ill 
ah 


| | 1 they maſt neceſ- 
ri a ee ; to de ac- 
tually made in thy equation —— 70 — 


i 


— 


* 
, 
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7 
. - 
— 
* 
* 
51 a 
8 4» 
9 * 


182 


i4 


EF ORE we proceed to explain 
more clear and intelligible; to premiſe ſsnizthing con- 
the continued multiplica ication of binomial factors into ä 
1-4 25 4 &c: to denvte any n 
factors, 


the value of x is to be ſo taken that ſome 6 


: o: in which equation | 


— 
— 
„ 
. - 
- 
* * 
72 * p 
1 4.3% Fe "IY * 
8 2 
_ Wl — * 4 


Pg 


134 Tie Rntoturron ef Eeyartons * 
two roots, a and b;; the cubic equation F = v x 5—T 
,, ͤ ——ꝛ— — 
222 ab | | Ls + 

24 = bo + nf — ak = 0 has reg rot, 


— . 
- . 


ones, or the 


FF. 


- -» of ſeieral Dun es. 233 
tak together, 


* 7 axzx+b Xx F=e=0; where the Is , "8 
+ @, + , and — c, are now become — @, — & and + c. 
or 


ive to negative, by, 0 7 
miniſhing by ſome known quantity. Thus in the 
quadratic equation * + 8x + 15 = ©, where the two 


roots 2 2 and therefore both negative) 


if 2 — 7 be ſubſtituted far x, or which is the ſame, if 
each of the roots be increaſed by 7, the equation will 


ſubtracting 


K * 


* ” 


Rh 


of (10 


of i 
4x 


* — 


+, er 


div 
— 


Neu rn 


- 
eg 


8 e 


10 | | The Rinotvrion ne 


— 844 $—11= 0, therefote ais another root, 
27 +25—13— 37 = 30, therefore is not à root; 
— Fe 0, therefore is the third roog. 

n 
* D 
derived, f 


conclufions ma 


= 


's Method of Divifors ; which is thus: ds 
of Fa the unknown bAlitute, 
three, or mar 4 e adjacent terms of ET 
Gn. Þ. fo. 6 Q —1 —2z 


+ 
2 


TT 


F 
He 
hr 


E 


2 


r 
quotient, with the fign + or — prefixed, according as the 
greſſion is increaſing or decreaſing,” be tried (as above) 
ee or in th grouſe equate: — 
hus, let the propoſed equation be x* — 0 
Fry S o; then, by ſubſtituting ſuoceſſively the terms 
| of the progreſſion 2 7 % L „e there will 
ariſe — 10, — — 4+ 6, and 14, reſpectively; which, toge- 
| e their — rr — right-againſt te 
ing terms of t by Oy nt 
work will Rand thus : br nor © ug 


; e coefficient of the higheſt power (a) 
N 2 divigble by it, 1 ſeek di- 
5 Lale . among. 8 


| ral common 


is 


. 


ſtead of x, | 


2 , 


3 is, manifeſtly, a root 
Again, if the propoſed i 
x + 10 >= 0, We 
L * WY. = 


may proceed in other 


to try whether any quantity thus 

we may, inſtead of ſubſtituting 

equation by that quantity con- 
| nected 


CY 


— 


—— — 


* 
— — — 


inn 17 — gx ee troy 1 
3 A &.-5::4 24 x* Tons Is 19 350.7. 
—17x + 51x e 
, "—Goz+ io y CO 2 — 
* | a6 63 
| —boxz+ 180 ITT : 3-44 
"a as & ä 1. 23 
- -. 9 Ss 3 + 3 „„ 110874 
' 


-D 


| ES . a 1 © 4 7 - 1 - 
3: N g 2 + 4 2 * 04K 
x—4) 1 60 ( + 82 +15 
wh. © 0 5 4; * Le 7 P 5 4 a 
. — 
een Is Ss omann 
PT 
= + ig th 2 10 * R I 24 I 
N 1 wg "NN * | C54. 1 1 
L313) 4 03 lt 


"Fi ' | 


8 


5 11 Fi 111. e 
| 7 Ut —.— vi 1 


1 
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1 Nh 
pen * 3 


* * 


—4 0 


— — 


0 ah 8 
| A another inflance hereof; let there be 


0 


+w+15 


* 
1. 2. 
13.9 " 
Lo2+ Zo 4+ 


* 


* . - 
of * 
* 
. 
- * 1 
of a 
R l , y ' = , , 3 % - * 


„nete senses 


IS 


1-45 1 * $+9+- 15» 


+ 32 
11 9 
— 24 
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ar + be? + a? + dx +6 is divifible, and let the quo- 
tient thence ariſing be repreſented by rx* + A tx +v, 
or, which is the ſame im affect, let ax* + bx* * + 


. dx +e= r 9 
x to be now, ſucceſſively, 
the terms of the arithmetical 2, 1, o, — 1, 


2 as abgue) ; and then the correſponding values 

vs * us 7, will, 9 a be . 
4 — — 2 + pec- 
5 4 coins a amet : 


After the fame manner we ma 
n 


lateral progr 


— 


2 terey of the firſt 


tz2z The None of Eevationst + 
TEES Sn EGS | 
Aenne 
manner: 
en r "= 3 
1 — wt 


3.2 * 1128 83 6 
7.4.1.—1.—3.—7.—21 
13.2.1 —-1.— 2.213 .—26 


r 


13 · 3.1 — oy eviingiifvity 


* 


© 8 jt 


2. t 
1 


firſt, and 
e 
Ie 


* in. — 


+ 1 * err 
eta ex: + i be taken = 0, all 


to * * = 
8 Therefore & — 


let the roots be divided by a, that u. 
=, or ax = x ; and. then, this value being ſubſtituted for 
», the will beconie x* — 4x* + S — 48+ 8 
ary es be 


— iven quantities. 
this value ſubſtituted 


=-— @; ſo-ſhall the terms 3yz & y er 


x will be found, as above z whence | 


f+y=+yC+ 3 +oxy+zs=5, oy + 
+ NTT I=. Aſſume, now, 3yz 


— 


of Equations 


, : 1 a * 1 1 F? * e 
1 : * - J * 99 „ 
* To * * - * . "x : : # : 


r n | 


bring done, our Theorem 


e . 


10 + V 109 + _ =: 
One” — roy "we 


— = = 7-732 = 2 3 nd conſequent 
4 


— 16 he * 
2. If the equation given be 21 


= 0z Gang by webs + 3 he of, © wile. a 


- < 12 — 2 * —8 = 
=> = Sy = 18: Gena, @ being =. $, md 


b= ta, x will here be equal to 6 + V 30. 1 


— pal} fr + © bring, in all order caſes, 


7. en, f. 6e rout gan im- 


e give the inveſtiga 


cubies, by a different 


mathed ; ape... 


= and y, 
by , it 
of 


x 
— =bz 
RD Rot OR: Ec. g is found 


* 


of the ſame ge- 


— ” + hi dlemet'e 4 wether ans | 
bares — 290 = 3: dur, vp being = 9, e 
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= FEVER =P: whence y (= £) in given = 


E 


nN. T. 
pr 


evidently, the true root 8 
From whence the root of the equation x* + ax = 5, 
wherein the ſecond term is poſitive, will be given, by 
wnting x for s, and q for — p; whence x is 


=H34+V=+ = G 
| 4 7 < bb 

5 tac 4 $0. FT 64 
. dl 

| li 2 as above, and there 
Ty ny + py by the problem there 


referred to, we Mi 
But the firſt equation, by ſubſtituting £ for its equal 


| a + 4 = þ: whence - 1 = — js, 


=456+vVW—P, ands=4 4+ TN, 
and conſequently - (= = + y = =+£)= 


FTE EL eral, bt | 
I W. TT = ec 


root. of the equation & == 590" + 59% = & Which 


| by ſubſtituting &-for 5, and — 5 for . gives „ = 


TESELES Ci TI 
TESEL ES: 


: nm" * 3 


* 
* ' X 4 
CE — y % s 
* 
. 9 
- 


7 M 


— 


— 


Aal en N „ r + — 21 


(becauſe y = 25 we nnn 
whence=* IBT EI — a 


$53+ Th —pt: therefore C == +2 = 
rr e e 
547 


— of the equation #* — upe"* + &); 
— e, . al «olds + * 5 
N Sq eren 
=b. 


This equation, by writing for 6, and © = for — 5. 
| becomes # + ax + — 1 


2—=5 xs + £=85, 8 
7 5 7 7 


= I and its root x = 


e Nera = 0, an 
+ ra +3 =0: pay age HY Eo 


48 7H r 
pr 


third s —q = Fo Now, by ſubtrafting the ſquare of 


4 rg · lat vg ge 209%, 


tiplied into each other, we ſhall have x* + + bx 


equating the 
ko res Raptor 


on N 
c3 
. STN 


the kat of thoſe from ht of to „ 


+ $*— ; (becauſe gs = 6); and therefore + 


gr ne ro 
as in example the ſecond, of the ſolution of cubics. | 


n ja T1 ＋ 2 2 5 = e 


| 55) we allo known. And, by extrating the e of 


ds wes re *r 


* , : % 


* 2 — 2 eo, 
22. 


5 "EXAMPLE. 


ur- ura 209 — 2 71 #) = = 
as (= £5 Now, to i 


Nl 8 2 + 15 + 2) = 3 me 


8 0 | | 
18 2 8 771 — £ * 


„no weben r nd 
Vu the oder, = — = vt 


=2 1 — 
r 


. 


2 oy 
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V 3 nd — 4 — 5 
. 
— fs = i6x + 21 | er 
unity be added, and you will have 4, 2, — 1, + V — 
and — 1— — ; fo the four roats of be equation 
Propoſed ; ee the two hit are padde. 
And that theſe roots are truly aſſigned, may be ea- 
fily proved by multiplying ng the equations, y — 4 = ©, 
y=2=0;y +1—V=3=cmdy+1+V=3 
o, thus ariſing, continually together; for, from 
thence, the very equation given will be produced. 


| The reſolution of biquadratics by another mathed. 


In the method of Des Cartes, above explained, all 
biquadratic equations are ſuppoſed to be generated fi 
_ the multiplication of two quadratic ones; but, * 
ing to the „Fer to lay down, 
every ſuch equation is conceived to ari by taking the 
difference of two complete ſquares 

Here, the general equation x* + pr + 1 + os 
+ d = © being propoſed, we are to aſſume x* + Þ ax 


TA - B:+ CO =#+aa"+b*+we@+d; 
in which A, B. and C, repreſent unknown quantities, to 
be determined. 


- 


r 
involved, we ſhall have 
x* + ax* + 2Ax* r 
. + 1 + 2 + A* = + ax? + be 
he * — B*x* — 2BCz— C* 

+ ea + d: ſrom whence, by equating the homologobs 
terms, will be given, 

1: 2A Sanne 3 
Ne. — 2BC. or, of =t _= 3 
n = Tor, * — 4 = >. 

120 now the firſt ard laſt of theſe * be Weib. 

plied gens, and the product will, WW 


of ſeveral Duazxs 10s. 5 151 


| equal to þ of the ſquare of the- ſecond, that js 24? + 
Fas —T x A*—24A -A x faa —b(= BG) = 
ae + & (= B*C*). Whence, denot- 


+ x 772 — 
ing the ities ler — & and } * + 4 & F79 — 


A —- $3BA*” + FA —— $ = ©: by means whereof the 


e 
taught uations, 
BU will be known, B being given from thence = 


= C= Ee 


© The ſeveral values of A, B, and C, being thus found, 


that of x will be readily obtained : for x* + { ax + A\* 
— Bx + Cl being univerſally, in all circumſtances of 
x, equal to * + ax* + bx* + or: d, it is evident, 
that when the value of x is taken ſuch, that the latter 
of theſe expreſſions becomes equal to nothing, the for- 
mer muſt likewiſe be = © ; and conſequently _ 

x* + Far + A\* = By + C}Þ: whence, byextraQting 
the fquare root on both ſides, x*-++ ax + A = =Bx+£©; 
which, ſolved, gives æ = $B—ja+zV TEC 


= zB—jatVFe=iaÞ+ B+ A ex- 


hibiting all the four different roots of the given equation, 
according to the variation of the ſigns. . 

This method will be found 
over that 


i The Recotvrion of Tqgarions 


277 =0. 


Which being compared with the general equation 
£ + a +h* +x+d4=0©o, we have z o, 
Jo, = 12, and d = — 17 : therefore # (hoc — &) 


1, I (ie +d4 Xx han — b) = 36; and 


conſequently 
A*— HA* + tA—$!= A* + v7A 18 So; where 


it is evident, by bare inſpection, that A = 1. Hence 


b ND . | 


i. -r N 1 2—5 


-Exam. 1. Let there be given the equation x* + 125 =» 


241 ebe | Therefore the four ; 


roots of the equation are þ V7 
new... | 
-N 5 

Exam. 2. Let the equation given be x* 6 — 58 


= I114x — 11 So. 5 
Yerea= —6, b=—$8,c =— 1% d, —11; 


2512; and therefore A + 29 e 28 
2 trying the diviſors 1, rs 15 157, c. of the laſt 
term (according to the method ivered en 5. 134) 

third is found to ſucceed ; the value of A being, 


* 4+ Wheace there is given B=VJ5 3 5V 
C= D 


eee de +d x Jaa—b) = © 


the , 


32 1 
4 | S : 
Hl: 
15 15551 
2 | 90 
15 
11 
le f ; 
1211 


by ſubſtituting theie 
ete values, 


2141115 
2 


41775 
8 


ifs 


11 We 


Ih 


Aa 1111 


| 
N 
: 


by — £'= 2bC 
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| Thee are diſcovered from the preceding equations, 

2A 1 l —b=B -_—_ - 
aA —c=28C | 
and A — 4 = oY 


n, if A be ſuppoſed = o, it is 
„ and — # = LAT 


4 D C = . = =, and conſe- 


es ; by making f = — 14. 


| Therefore, in this caſe, (wherein d = 7) 1 


equation 2 + fax + A = Br & C, will become 
x" + ler = K N NY 

But, if B be td = o; then will 2A — 
= 4% nil Die = 


{/ = 73 and therefore C= 35. 
fo that in this caſe (where e = =L) the general equation 


becomes x* + Jax + if = + 2. which, ſolv- 


6d, gives & = — ta = e E = 
Laſtly, i C be ſuppoſed = o, „ e eee 


ind A*—d = 0; conſequently A = < 7 2 . and 
B (= N = VE — f: therefore, in 
2 (hl / ==) wh fell ben ++ S 


= + x1 - od , 2 


From the whole of which it appears, that, if c be 
= Þ 64d ule. an Suge 


7— 


of ſeven Dias 1 


r zSezerd 
dhe reſolution of a quadratic, onl — 


eee 
Here a S o, b = — 25, c = bo, and 4 363 
therefore, f ( = — 25) being = — (= — 25). 
we have, by caſe 1, * + = 2 2 ＋ ; 
that is, «„ = & 5x : which, fol gives x = 
41% AFL dakhontth yet 


=_— ſo that 3, 2, 1, and — 6, are the four roots of 
the equation |; 


| Wen + > 
+ 24x — O. __ * 


Then, « being = 24, b = 37, = 29%, and 4 = 
e thence will (= - = 29%, and Z ( = 
2p').=2 £3 and fo, the example belonging to, cab 2, 
we have « (= — E 1. —if= vVIF-9 
OO , r 


' Exam. 3. „K 
— gx" + 15s —27= +9 = 0. 


Here, a being = 9, = 15, = - 27, and 4 = 
ie, is evident bat I1=9) = 7 


„ern | es 


— 


— vw * | | f 
»xs The wa Equations 

that is, a* — 44x + 3 (= = + > — 15} = 
4 *: which, ſolved, gives 


Equations of this kind, in which the 
| A 


1 


— 
tely, for 


| 


i 


1 


11 


1 


b 


D 


1 


. 
of ſeveral Dnannutogs, | 1 

aa ax , an 

iof=2Z +2+ Dav—it 222 


Therefore, b ubituting theſe values, our -equa- | 
tow branes 3 6+ $= 0, 2 —4 = 


— 3z whence® = 3 But — + = being = 4, we . 


have & — zax = a"; ; and ni 
A 


e 


7e by proceting us the former ex- 


en- ; 
on — 2+ 32 — 15 = o, and from thence 
«= D=3. 


81 Suppoſe there ts be giom 1. . 
abe's + 76% = 0: 


Which, vided by n 
6 x24 2 = =0. Now, making, before, = + 2, 


| ———2— mappg op | 
. 72 242 we likewiſe be — 28 = = + 


2124 
. 


7 ———.— 
„ 3 . which e being 6 


quted above, our equation becomes 7 * X— — 
*** 


i The R enn 


the diviſors of the laſt term, which 
| ETA, tied is fond e 5, ron: 


e 
139%s* + 28! = 0: Fs 
: 232% — aa — Gt, by. 114 2 — — will be 
+ 24” = ©; which, divided again by os", oa), gives 
2x 313-2 ru 2 2. 
938 
NN Is —2 2 — * 
411 =o er + 15 =o (vil. 4.119): 


= 
A A* equation be made to correſpond with 
＋ one, «2, ituriog 12 in the 25 
do not = oy 4 b + he x f 


may ſometimes be reduced » quotient of 
tution ; that is, by putting t Ba Horus 

term divided by the laſt, 2 | 
quantity (8 ever) rae 19 the power expring the i 
menſion of the equation. Thus, if the equation given 
be 23% + 245% — 3159+ 216 + 162. = 03 by put- 


ting 2 V. we have x = 3y; whence, after ſubſti- 


tution, the given equation becomes 162y* + 6487 — 
28353) + 6485 + 1 r 
rule, r =. 
b& +2 = 0, Ms, | 


Of the Laien of beter by apprexinatio 


converging ſeries . 


Tube methods hitherto given, for finding the roots of 
equations, are; either, very troubleſome and labo- 
rious, or elſe confined to particular caſes 3 but thee by 

con gran 3 ing to explain, 
| Dee got ns 


extending to all — WEE 


RY 


— why 
little trouble, to a very . ree of — Johan 


an eqtiation'is propoſed to be ſolved by this method, the 
root thereof muſt, firſt of all, be eſtimated (v 
from the nature of the problem and a few trials, m 


in moſt caſes, be eaſily done); and ſome» l. 
or unknown quantity (as z) muſt be aſſuned; to 

the difference between that value, which we will call 
and the true v 2 


bi 


A 
conſiderable in reſpe& of the reſt ; which being done, 
the value of z will be found, by the reſolution of a ſimple 

equation; from whence th of x (r will-alſo 
de known. But, if this value ſhould not be thought. 
ſufficiently near the truth, the operation may be repeated, 
by ſubſtituting the ſaid value inſtead of r, in the equation 
exhibiting the value of z ; which will give a ſecond cor- 
rection for the value of x. 5 % vs 


+ 50x 

that « 

„„ 4 

77 + ps 

+ 50 = "WE 

in two or more di dof 

duced to r* n + 10 + 207z + 50 + $0% = 
: gs a — 2600—ri — Log” — 


2 . zr + 20r + 50 

= 0.18, nearly: which, added to 10 (= =), gives 

10,18 for the value of x. But, in a L the 

operation, let this value be ſubſtituted for 2, in the laſt 

11 2 — 22 * 
to 10 gives 10, 1794053, ior the value of x, 

a ſecond time corrected. Tad: if this * de, 

* 


5 ID ſubſtituted for r, you will have a thifd correftio: 
_ of x 3 from whence a 
«? 3 


| may; 2 5 


—_— —ů —-— 


5 : 
„ 3 


24M 


ior 


to 4 (which, it is eaſy to perceive, is nearly the true value 


1271 57 


, Therefore, if r be now taken equal 


of x) we ſhall have = (= 


r 
any given quantities, poſitive, or negative: 
putting r + ® = x, we have, by the Theorem in p. 4. 
= * + w—"zke - 
6 — + z—7T x *—*z&. 
| oc: = — + n—2 xXx P * K . 


0 


\ 


” 25 by Arrse ria rien. 3 


ann 2. 
40+ eee eee 

Kc. = Q. From which & is found = 
2 —— 9 


ee ptr tr Eaxa” 5 Ge. 
As an inftance of the uſe of this Theorem, let the 
r Here 
» being 3, 2 = — 1, J = ©, c 30, and Q 
© 1000, we ſhall, by ſubſtituting theſe values above, have 
* = = — — J in which (as it appears; by. 
 inlpeion, i that one of the values of x muſt be greater 
thai 3, but leſs chan 4) let 1 be taken = 3; au = 


will become = = = 0. 5, and conſequently # (= # 


+ 2) = 3-5, nearly. Therefore, es repent the eng- 

San 2 be now. wrote b of 1, and wil 
= Sa 

come out = = 0,027 ; which; added to 

3:54. gives 3-473» for the value of + B twice corrected. 


repeating the operation once more, x will be 
fund, 3.47 357 ; which is true to the laſt f- 


a et is i de men on 


Wo which is the ſame, if the propoſed equation be * =Q 


- then, @ being = 1, and J, c, d. Kc. each = o; 2, in 
this caſe, will be barely = —.— ; which may ſerve 


as 2 general, Theorem for extrating the roots of pure 
powers. Thus, if it were required to extract the cube 


root of 10; then, = being = 3, and Q. 10, & will 


be = ry: at, in which, let + be taken'= 2, and i 


| villberama's =7> = 0,16: oer = 5,16 ber | 


* 


by ApprotticaTton 164 


The manner of continuing theſe approximations is 

- ſufficiently evident: but there are others, of the ſame 

degrees, differing in e 
and whereof 


what different. 2 * * 
It is . 
2 


room of x; and_negleQing every where all ſych terms 


as have more than 3 dimenion of, you will bar 


z(== — 
88 7 x 


% 
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but there is an artifice for bringing them, alike, inte 
both, and thereby lefſening the number of dimenkons, 
without taking away from the rate of convergency. 


= To begin with the approximation = = | 
A 3 which is of the third degree, 
F bb k 

+l —Emcp 


put 5 = £ _ © = the coeficient of the aſt term of the | 
denominator divided by that of the laſt but one; ſo ſhall 
; whereof the numerator and the 


1 
denominator being, equally, multiplied by x + 5, it 
l | | becomes z = pxrt ig / 


"a + bg — big Faw + bp — bo 
but, the approximation 'being only of the third degree, 
be'q" may be rejeRed, and fo we fave 

- 4A. wage. 7. 

x = = 
a+b+as.9q aa + b + as.p 
In the ſame manner, in order to exterminate the third 
dimenſion of g out of the equation 


2 - — ̃ —-—¾d 


1 = —c-f + = —E+4.e 


b , al—bc 
put w = . + = = the coefficient of the laſt term 


of the denominator divided by that of the laſt but one ; 


* 


e eee plied by 1 + wh, 


>, Kee, we thence have ® = — — . + 399 n 
; „ 


by APPROXIMATION. 3 


-K. 


a + b + aw. aw.q+ w—s.Þ0 


X@ + wp . : which is an ap- 
a X aa + 6 + aw. + . c 
proximation of the degree, and. quintuples te 
number of figures at every operation. 
1 By ref te the ſame method, other equations might 

to include 5, or more terms of the given 
baggy bop apt Vo he ed probed 
ion; fo that no real advantage, in 
practice, could be reaped therefrom. I ſhall, therefore, 
c down above by a 
few examples. 


Exam. 1. Let the equation given be 8* + 20x = 100. 5 


tion, by ſubſtitution, \ Sodhrtg 28z + £ = 4. There- 
fore, in this caſe, a = 28, bþ = I, c o, &c. and 


= tan 2 = 
9 22 aa + bp 788 197 
0.14213 ; which is one approximation of the value of x, 


But, if greater exactneſs be deſired, then 5 (S>=5) 


being here — , and w (2 4 — = 


bb — ac _— 
ſhall, . have „ 
1 (= = a a + 5þ 28 + 7 + 7 + 


ITED). e N 


A = 2 = 9042 , 


See 
a Xaa+b+ aw p + -. fp © | 28 * 704+12 ++ 

. 28 Fa 28 x 198 _ 5544. 
LP RIWE? x79 +: = 39005 
. 0. 142 


* 
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n which value is true to b 


when 
„rn + te give equation, hon | N 
mW rhe" apa SS 


22 — auth ink 


* «+ - EÞ 1 N ith '— L380: 
T is — 2 ; * = 
_=—==1Þ 8 2 T 
—$68+ 48 +32 x TEE Tap = 
rs oe Rn 


+86 + _—_ w—s.bgg 


— x -4$x oF —2 1 
re enn 759. 
. 1244 
, ee eee, 
more | 
In the fame manner the roots of other 
be approached but, to ayoid trouble rr 
7 for a ſulution, you may every-where neglect 
powers of the canverging Ee Fo ax — 
Fs riſe bi aq; „or order of the approxima- 
| 1 r="75 by. AM further 66” facilinis 
labour a transformation, t following 
Er of þ; a, b, &, &, Kc. may 


L 


e 


Hemi — 42 
—. zz 


EE Is 


from whence, by 


n* + 


2. 
— 


- 


— ... 
4 
and diyifion, = + 


58 
* 
+ 


— 

— — 
— 
— 


— — 
2 , 
M 4 


(+4 | < | 
A ++ 8 


r e 8 
+Fu KS x4: 
He>zy;" 3 C 


© An {1 1 21 
j [ * — we 5h 
I 7 5 8.5 


1 


222 
— 7 : 
3 
& 


TT” , ̃ũ —ͥ－n SE Dd SS ——— CT RS — 
4 A 


—_—_— — RS 
* 9 


— 
— — — 


— —c —— . — — 
— — 


| 
| 
ö 


— — ꝗ—— — ——O — , - —ůͥ EY 
- 
* 


. 


«tf 
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. 
nr” 


; 3 
„ equation, 
* N rA 6 ow s ==. 
PERS med. We. Sons... 4 wh Io: n—2 


4 ö ET IDE, FEE 1 — 2 


ns 1 32 A 
21 1 — 2 1 — , 
re 
— r — 
rr 5 


fore, for an approximation of the third — 


* FEA 


I + +4 #9 + 2. 77 2 — "6 * 2 - - Þ 7 i 


dent that the root x (7.x 1 F7).of the given equation 


# =h wil keoqultn.n + . narh; © 


I + 2— 1.25 


and equal to r + | =. LAY 
| — Land | 

1+ ==. + — -þ* 

more nearly. 2 12 | 


But bod thſ chores ill e rendered» lnk mare 
. nr" 

commodious, by putting v = © 7 pre” and ſubſtitut- 
ing 2 in the place of is equa, , whence, afjer 


propet be had = r A 42+ 
n 4 9 


— * — 


＋ * 2 FJ 2 


more nearly. 
1 ſhall now put down an example, or two, to ſhew de 
uſe and great exactneſs of theſe laſt expreſſions. | 


1. Let the equation given be r = 2, or, which is the 
ſame, let the ſquare root of 2 be required. 

Then, aſſuming r = 1.4, we have =» = „ 12 2 
v («+ 22 = ; „ AIR 
; F . 2 — 1.90, No 96 * — 


rv by + 8 14 * 

W 1 42 —2 22 n | + 
197 

NSD 4 + Me acts: nk 


n 


* 


—ñ—ů—ůůů —— —-, 
nearly; er, . 5 


230, The RncotouTION _of EqyAaTtions = : 
but, according to the latter, the. anſwer will come out 
1.4 + SK = 1.41421356236; which is true to the 


laſt figure : and, if with this number the operation be 
repeated, u wilt have the anſwer true to hearly 6 


places of 
2. Let it be, required- to extract the cube — 
1728. re — 


= = 16057933 and, therefore 7 + 


397 
en. 


1 . * 2 + x. 
r r * 20—1 


1 


cube root of 
in be BOK thas' 
® than 7, let r be taken = 8, and 


by AbvatxnaxTton; 5 6 n 


Let the general equation, ox +3 +a"+ i + 
72 Wu RO ON? OO" 


— — . 
8 r 6 pe 
— terms aſter the — ſo ſhall 


o, cer of ths yrs of the to preceding rats 220 
canon ſubſtituted, that is, either | 


.—.— wheyes we have = = 


B+bA+e 3H 
* „ 75 


b 8. 2 "A 
7 


Fer- 


, 5 s . 3 : M f 
EH "The Nene of Lepa rens 5 


but, according to the latter the. anſwer will come out 
1 


and, if with-this number the operation be 
eil have the ani} tr to early % 
| ergy cult hy cab. of, 
2728. ä * 


= eee eee nf 
& * „ wa x 99 8; 


TLC r 


„ 


2 PIT SEPT 


'R than 7, ler y be taken = 8, and 


fore x: 55 121 
M 29.4 267IX q + PETIT 


: SED ESE 
found = 10.456 


; ; % | - 2 4} 1 | k 
| CET in $34 
#6" fe; = þ;, be” irs reſumed wide, by ' diviſion; 


E 7425 8 
— 8 7 — 5 
Hd Hh abt ba 


therefore, we mak Sg and nne the terms- | 


— 
% * 
- 
* 
— 
* 
, 
* = 
— 


1 . . 
Fee e 1 5 


29909 c 4 | 8 


re edi; whe w; ave = 7 


as 
74 (bes, 7 | ey. Eq be 
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lues being ſubſtituted in the general equation and all the 
OP 28 IE PEG, there now comes out 
CG 


CY — 
'BB cA 7 7 2 
e FB = ; +3 +$4+5 


= C+B+A+d 
= 553 by making D = 7 


In like manner, for an approximation of the fifch de- 


Gr b "PEER 7 
2D 722 B42 
1 


E ee eee. Whence the law of con- 


tinuation is manifeſt ; whereby it appears, that if there be 


1 1 . aB + BAT 
5 5 Pp FE 
aC+bB+cA+4d * Dee 


5 = 
——— 3 eee, 


D = 


F= 


I 7 


A Ss (Cc: DE F | 
Ee. den vil K. B TC? B E F? 1 
many, ſucceſſive, imations to the value of z, aſcend- 
ing gradually, from the loweſt to the ſuperior orders. 
An example will help to explain the uſe of what is 
above delivered; wherein we will ſuppoſe the equation 
given to be 122 62 + * = 2. 
þ „ ˙— 410 rd od > 
aA +b 
whence A (=) = 6, B(= ==) = 22292 


aB43A+6 —22x39+6x6+1 


= 23S (55 7 2 POP: 


* 
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= 505, D (= N +, 1 tente 


values of B, C, 


From the ſame equations the l 
D, &fc. may be eaſily found, in — 
dent of each other. 


B F 
B Z2x&+bþ 
T T 
bb + ap* + bc . 2þ* 
Ee. which are ſo many dt 22 28 : 
value of z. 2 
Thus far has been had to equations which 


ys- | . 
If either 'of theſe kinds of quantities be concerned in 
an equation, the uſual way is to exterminate” them by 
multiplication, or involution (as bas been taught in 


_- 


C px a+ 2abp + f* | 
D #+ 3p +24 +#.p +4 yy 
3  p———————_C_____ * 
| 
| 
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D as this method is, in many caſes, 
Stn. in ethos; ode Aab 
cially, where ſeveral ſurds are concerned in the 
equation, it n 
of converging ſeries's may be alſo extended 
caſes, without any ſuch i ion. 
to which it will be nec — Ge | 
repreſents a compound tity, conſt i of 
and the Jatter (B) be ut fnall in compariſon 
former ; then will, 
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of 


2 
7 


Be TOES D B 
n RK 


W 
*. XT N | x Or +3 


, 1 ET 'B 1 l 

7. =——_ — —— 
3 n ET 
5 ; | . 

4. ATB 5 442855 A? + 2 , nearly. 


3A : 
1 B F * es 


1 
r 


. TR = af = ak ,B4*_| 
x N 


7 1 . | 
e OT TY; 


All which will appear evident from the general --. 
rem at p. 41: from whence theſe particular equati 
or theorems, may be continued at pleaſure ; the val 
dere exhibited being nothing more than the two 
terms of the ſericy, there given. But now, to 
- . them to the purpoſe above mentioned, let there be given 
777 VTS io, as an am- 
ble, where, # being about 3, let 3 + - be therefore 
* *Rituted for , xcjecing, al}, the. powers of „ abon 


- 


* 
=_ . 


i 
; 


— 


be erer g Hua rr 


= 10 in- iin be-= VS 
2. nearly ; for, 8 


"and ., and therefors Al N. 
| 2 n kr dane h VT N r. 


r 
5 e- 105 which 


9. + 2.718e = 
I Ons t 2 


to regent the « 

"os 2 ee ff wer 
g V 12-5262 +. c:ogte + —— + 8 + 
1212-12342 + ay =" 10; whence, by Thierem 2, 


v/10.12342- +. + 9 + 
—— 1 6. 4ie 


277 72 +1 12 n ee 
nt + 2.7224e = 10: from which - comes out 
Se 7, and x = 3-020947 which is true 


Wo 


[Agile ib proto nd the ov of th a 


WE. + 5x + | 
„e eggs as ers wi ſhall 
. beg x- = 
VS1 ee 2M 


5 9 5 


516 . 1 $16 


| that is, 400 + 20e * "044022 — 687917 + 

20 + « X J + -0398e = 34 whence rejeck- 

ing „ Cc, we haye 1.713e = 29185 3. and * 

dquentiy & = 21118. 4 | 
Thindty, be thare he given VID=a+ 0/10 + 
1 - 22. Then, if 0.5 + e be ſubſtituted there- 
in for x, it will become Vo. 5 — e + Vo.s — 27 + 
Vobag— 2355'S 23 or/o.s — V5 * e+Vog 


3 | | 2 121 > | 
—_ 3 x 20+) 225 — IV. bag) 2 whence 


= . 204% =.057, and x = 0.557, with which 
. — repeated, the next value of x will 


Tach, let there be Ber f= 417 rr 
= 6,5. Here, by writing 3 + e for , and * 


ceeding as abore, we mall have 2 * . 1090 + 
£3 


= Xx . R 12 7 | Xx 37* 68 that in 6.45 


+ ; i 4 = 6.53 whence e = oz, and x = 4.036. 
It may be obſerxed that this method, as all the powers 
of e above the firſt are rejected, only doubles the num- 
ber of places, at each. operation: but, from what is 
therein ſhewn, it is eaſy to ſee how it may be extended, 
ſio as to triple, or even quadruple, that number; but 
then the trouble, in every oporation, would be increaſed 
in proportion, ſo that little, or + ad hc; has 
reaped therefrom, a : 
- 2 3 Hitherto 


* 2” 
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ans which include 


eee ster. Far: 
one unknown quantity, onl f there 
tions given, and as many quantities (' and 3) to be 66- 
termined, one of thoſe quantities muſ firſt be extermi- 
nated, and the two eq di 
io what is ihewn in Stk, 6. 4A _ | 


readily done (which is ſometimes the eaſe) and the un- 


” 


known quantities be fo entangled as to rendet that 
„ Dang the following method mf be of 


ſubſtitute . be 
reaſon of their ſmallneſs) all 


chan one ſin 
concerned : 


as, and br, reſpectively; N 
the right-hand fide or 8 equation, or thoſe in which 
8 by g. Then the 


J 
4 


1 


15 


— z whence x (= + s) is given. 
_ multiplyin the former equation by 4 and 
Der 2 


_aQ—A bh oh 
rr 10 


716227 9. 


* 


be two equa.” * l 


5 
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+ It is eaſy to ſee that this method is alſo applicable, 
in caſe of three, or four equations, and as many un- 


known quantities, but as theſe are caſes that — 


occur in the reſolution of problems; and, when they do, 
Nn n 
D I ſhall, there- 
fore, content myſelf with giving an example, or two, of 


the uſe of what is above laid down. 
1. Let there be given x* + y* = 10000, and * — y* 
= 25000; to find x and y. by writing f + 5 


=x,g +t = y, and ing according to the afore- 
going directions, we all have fe n g. + 4 
= locoo, and F + 7 — gf — 

4f *s + 4g't = 10000 — ff — 
25000 + 85 — f*5 : therefore, in this caſe, a . 
B = 42%, Q = 10000 — f*— gb, a = . þ = — 
S, and g = 25000 + g* — f*. But it appears, from 
the firſt of the two given equations, that x muſt be 
ſomething leſs than 10, and from the ſecond, that y 

muſt be leg than 22 I therefore take f = 9, and g = 8; 


and then A becomes = 2916, B = 2048, Q = — 657, - 


a = 32805, bþ = — 20480, q = — 12875 and there- 


fre (Fa) W ors 


R e . 
now taken = — * 1. — 


B = 1942, Q= — 6 76, a 309 0,6 =—1 > 

. er IS 

8.8704 — ds bed whinh un te ww 
87047, | 55 


| Fvample 2. Let there be given 257 TN + THE. 


= = 13 Here the 
tees equate, by wilteg 7 + 1 or , nd 2. 


= 14, and VF FF + Get 


* 


F andy 3.9960. 5 
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for y will become 7 Þ+ 10s + fz* + 2/zt FT Pl 
r 1, n N +2'+ 2fr + 2gt 
+ + ft'+ | | 
* — Ig7 
20f + Je + 205+ 2fet +871", by what, is ſhewn in 


0 | a - 4 
p· 174, will be transformed to FT x 


1 TT e 
* 20s + 2fgt + g's ſuppoſing all the terms that h 


a 
more than ib Lt Gay rp be t, to'be rejected, as 


=-43; but 


inconſiderable) ; alſo f +; g* +. 2/5 + 27, is tranſ-. 


fs +8. 


Cs — 


4 X 20s + 27 Ie. 


- + 
E 


- 
- — 
eee, 
= 13: which equations, if F be aſſumed = 5, and 
= 4, will be reduced to 5.6462 + .01045 x 36s + 4or 
+ 6.3245 + 63245 = ra, and 6.4031 + ,781s T. 625 
+20 + 5f + 45 * <3333= i + 14827 = 13; 
whence 1.008s + .418t =-.0293, and 1.59s — 5.255t 
= .0698 : therefore, in this caſe, A & 1.008, B = 
0.418, Q, = .0293, 4 = 1:5%, & = — 5.255, and g 


| = 06g8; conſequently 5 (= FEEL) = 0.305, and | 
r (= {ES ) = = 00403 therefore # = 5.0305, 
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numbers, to which the queſtion i 
commonly reſtrained, are, for the 
to a determinate number; for the more ready diſcover- 
ing of which, I ſhall premiſe the following 


Then 


BR 


4 359 

Fels : : His : 
4 Uh: Wk 1 1175 

e 101 

34 " 1 5 | 
HSE 


: Sl : 


* — 
1147 
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s ECTION XII. 
1 or unlimited Problems. 
Nr 


ger, for the value of x, that will ziſo give the value of 


==> an integer, will be found by the following we- 


tho of calculation. * te 
* th 425 — G4. 
the loft remainder ; and ſa 


indeterminate quantity; 
lafl ehe, 5 


it only remains. 
ol te ui 


7 495424 
115 K 
8 
2 


4 wh wt 


Ein 10 1 
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| Exam. 3. Given W | 
377)ge(r | 1 „ „* 5 
75032205 1, 1, 6, 37 


"12)73(6 | | 1800 
| I | 


14 
450)9250(20 
230 
450 
3 2 
Py 4. o A225. 2 
eng 1, 3, 1 48, I, r 


"248)987(3 - 1, 1, 4. 5 244» 93 


443024801 
: , ir 
E 4: 5.0-44.2: 27 HO 

. ; e 

| = 

1235 

„==. 
Theſe tou mples comprehend all the different caſes 
reer four examples comprtend reſtrictions ſpecified 


in the latter part of the rule: I ſhall now ſhew the uſe 
thereof in the reſolution of problems. 


PROBLEM 1 


To hu the hes whole member, which, divided - 
ſhall leave a uns 
remainder Rall be 


Let x be the quotient, 27, when remains,. or, 
TO EAT 
ſought 3 


indeterminate — 283 


z then, ſince. this number, when 13 is ſubtrated 
from i . manifelt t 


WE — op _ —2 muſt be a whole num- f 


2 
26 
ber: whence, by proceeding according to the lemma, 

will be found = 8; and ung content 175 + 7 = 14g 


| 22 * a . 1, 1, 
9)i7(1 5 I, * N . 


By RNS 19505 and — the whole — 


ee number, by te quell 
muſt alſo be a whole n ewiſe 


2. — from which the leaſt value of y, in whole num- | 


bers, will come out = 53 and contoquactly the corre 
anſwers, which are 16 in number, will be 


add continually to the laſt value of 
Irrer 
. anſwers in whole num: 


EXCEL) al 2 Wl) W dl 20 lus 
In 2 ſame manner, the leaſt value of 5, and the 
bee als nt, 77 oy Ag 

wa 


3 uation, to the laſt 
— APE F ee ſom 
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correſponding: value o , Hence it follows, that, if 
the greateſt value of x be divided by the coefficient of 75 
the remainder will be the leaf? value of 'x, and that the 
2 + 1 will give the number of all the anſwers. 

ut it is to be obſerved, that the equations Here ſpoken 
of, are ſuch, wherein the ſaid cients ate prime to 
each other; if this ſhould not be the caſe, let the equh - 
tion given be, firſt of all, reduced to one of this form, 
by dividing by the greateſt common meaſure, 


PROBLEM II. 


To find how many different ways it is poſſible to pay 100 l. 
33 only ; reckoning guincas at 21 Hil- 
tings each, and piſloles at 17. | 

Let x repreſent the number of guineas, and y that 
of the piſtoles ; then, the number of ſhillings in the 
guineas being 21x, and in the piſtoles, 17y, we ſhall 
therefore have 21x + 17y = 2000, and conſequently x = 
== = 95 + — which being a whole 
number, by the queſtion, it is manifeſt that 5 
muſt alſo be an integer; now the l&aft value of y, in 
- whole numbers, to anſwer N. will de found 
= and the expreffion 1 = 23 correſj * 
ir 4% Ne e of d 2 which , 
prec note } the quotient comes 'S5 re- 
number of anſwers ( 5 + 1) = 6; and theſe are 88 


«=q9a]75|B141]24] 7. 
y = 4111 10. 
PROBLEM It. 
Leg ts pay 100 1. in guine 
aud *iojdores oily ; "the form f 2 
bach and the latter r . 
Here, by ptbeceding as * 
| ON ee 21x + 


the leaſt value of x is 7, and the 


= 95 —y— LS: where, the ftaQtion being in 
its leaft terms, and the numbers 6 and 21, at the fame 
time, admitting of a common meaſute, a ſolution in 
whole numbers (by the note to the preceding lemma) is im- 


poſſible. The reaſon of which deperids on theſe two 
conſiderations ; that, whatſoever number is diviſible by 
5 +. li * 


Ft 


Bj 


K 
8 


Let x eri, 
the women ; ſo ſhall 422 + 167 = 396, or 21x + 8 
2 198; and conſequently y = Y 
| __ 2 

——— whence, y being a whole number, 5 : 


muſt likewiſe be a whole number; and the value of 
x, anſwering this condition, will be found = 6; and 
„ N 2 9; which 
two will appear to numbers can an- 
ne becauſe 21, the co- 


r the greateſt value 
7. 


PROBLEM VI, 


One bought 12 luaves for 12 pence, whereof | | 
to- ones, others L. and the 7 farthing 
aner: number were there of auch irt? 
Put x = the number of the firſt fort, „ = that of 
the ſecond, and z = that of the third; and then, 
EE 


tions, vrx. 
.& + y+2= 12, and. 
%˖;—zü . 
b! re ele ed Bah hone. 
ied 4 abs. ua 305 


ond therefore y = = EXE = S u z whence 


et 


SITE 2 241 reſet are the numbers that 
ound. — 0 ii 


indeterminate PBoBI IIS. 17 
PROBLEM Vw. | 
To find the leaft integer, which being divided 
28, ou e but, being divide Z 
19, the ramaiader Ball be 15 3 and, being Hvided by 15, 
the remainder ſhall be 11. WS, Teh. 
Firſt, to find the leaſt whole number that can an- 
ſwer the two firſt conditions, let the quotient by 28, 
the firſt of the given diviſors, be denoted by x, or, which 
is the ſame, let the ſaid number be by 28x + 
19 ; then this number, when 15 is ſubtracted from it, 


'being diviſible by 19, it is manifeſt that =_ 4, orits 


equal x + = muſt be an integer; from whence 


ans ö 
number that can, poſſibly, ſatisfy the condi 
tions. This being let the leaſt number that is 
exactly diviſible by both the faid diviſors 28 and 19, be 

which, becauſe 28 and 1 ime to 


14, and conſequently that of 532x + 243 = 7697; 
which is Qs render the wite to be frame So the Gate 
manner the leaſt number, poſſible, may be found, which 
being ſucceſlively divided by four, or more given divi- 


ſors, ſhall leave given remainders. : 
ers, ſhall leave given remain PRO 


Tue Rrsbrvrton of 


PROBLEM IX, 
Suppoſing 87 x + 256y = 15410; to determine the leaf 
hr of x, and the greateft of y, in whole poſitive numbers. 
By tranſpoſition and diviſion we have 

15410—87x __.  87x—50, 
= = bo — 2: where the frac- 
tion being the fame with that in . 1. to the 
miſed lemma, the required value of x will be 


= — 


xds X 


- 


in. g . 


J 
Ritt 


me number. l wore — 
Ine, or remainder, being ſubtracted from the preceding 
ene, we have 1035, a quantity, ill, diviſible by 


being dhe leaſt value, is that requi * 
It may not be amiſs to add here another Example, to 
illaſtrate the way of proceeding by this method : 


wherein let us ſuppoſe the quantity given tobe 2. 
| 6 


1 ? e 1650 ll 

! 5 712 2 Fl: 
e 
I e : 

: —_ : 

4 


| 
| 
| 
| 


| 
| 
' 
{ 


| for a new value of x : from which, by expounding BY 
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By making ——< = y, we have x = 28 + e; which 
value being ſubſtituted in our ſecond expreſſion, it 
becomes I, which, as well as 3, is to be 


a whole number: but 1%. —＋, by making ö = « 


en be = 5 + L-Z=; and therefore 199 and 
187 + 26 being both diviſible by 19, their difference 
y — 26 muſt be alſo diviſible by the ſame number; 
whence it is evident, that one value of y is 26; and 
that 2b + 19 z a whole number) will be a 

value of y; conſequently that x (= 28y 
ern 
de ſubſtituted in the remaining enprefion Tg; which, 

Fi 2 4 Lind gon 

by that —— ms 15 2 35% 


+ 3þ + TEE (ſuppoſing 8 = 11b + 6=g = 12. 


— 11f—g.) Here 15z and 14z + 28 being both di- 
viſible by 15, their difference z — 28 muſt likewiſe be 
diviſible by the ſame number ; and therefore one value 
of z will be 28, and the general value of z = 28 + 
I5w-: from whence the general value of x (= 5322 . 


56 + e) is given = 7980w + 10648 + 566 + e; 


which, by reſtoring the values of h, and 8, becomes 
7980 + 12825e — 11760f — 10648. 
Now, to have all the terms affirmative, and their co- 
efficients the leaſt poſſible, let w be taken = — e + 2f 
Tg; whence there reſults -4845e + 4200f + 6916g, 


and g, by their given values, and dividing the whole 
7980, the leaſt value of x, which is the remainder of 
the diviſion, will be known. SR 


PRO- 
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PROBLEM XI, 


If ge + 7y + 77 + 113 =224; it is required to fnd al 
the poſſible values of x; y, and x, in whole numbers. 


In this, and other queſtions of the ſame kind, where 
you — three, or more indeterminate quantities and 
equation, jt will be proper, firſt. of all, 6 
the Kejas of thafe' quantaice- Thus, in the pre- 


ſent caſe, becauſe x is = E. , and becauſe 


the leaſt values of y and 2 cannot the queſtion 
ts at us of 7nd cant (by he qui) 


— L, or 41: and, in the ſame manner it will 


appear, that y cannot be greater than 29, nor greater 
than 193 which therefore are the required limits in this 


caſe. Moreover, fince. x is = == — = 44 
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is another limit, 
which isof 

It is 


ina of to be determined, 
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value of to, be varied) ſo long 
_ producing negative values ; 


will. admit of, without 


ing, therefore, thels two expreſons 3 = 
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the value of f will be given (S 2) 
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dinations of = things, taken two by two, is N 2 — 


ee e of all che ii of b eee 
he e = rs 1c RC 


fourth term, will be u x = e. Therefore, 


| if all che quaightes 3, 6; & o; fhe. bs naw! tein ual * 


to each other, it is evident, that a +3 xa+cxa+d 


* @ + &c. will becomea +3 x a+bxa+bx8@ TI 
&c. or a T; and that the coefficient of the power 
of © la the ſecond term of the produft, will be ab; in the 


third = x == #* (ſince all the reftangles, as well as 
all the ſolids, "Ve. do here become equal) ; and in the 
fourth = —_ b* &c. But it is evident, from 


r 
the ſecond, third, fourth, &:. terms of 4 + 6b raiſed to 
the power =, are , „ 3, Sc. Therefore 
4 + RN", or a + U raiſed to the power u, is, truly ex- 


prefied by af + aha”? + 1X = + nt 
ms... {=o —  — 


+ nx De as was tobe ſhewn, 
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he adinterſt is produced, ur- (oc time propoſed) fo 


=, the intereſt in the farmer af theſe times, 10 75, 


re wilds ibs on, Gini, ge 


|  #@ + == = b (the whole amount) : from whence, we 


100 x F—a 


ib bee = 8 222. „and a = 


Tot 77 

1007 . the uſe of which equations or een 

will appear by the following examples. 
Examp. 


What is the amount of at 
cent. r $594. * 


In this caſe we have 4 = $50, r = 4. 2 , 271 
and conſequently « +. 3% = $6241. 


100K 12 
or 5621. 16s. 8 4. 1 


Examp. 2. What is the intereſt of 11, for one day, at 
| *the rate of 5 per cent. f 


Re = Bom 1, and = = I, we 


haves = JOG X 365 — Too 73 7 Te 777 = 200orgagleg 
c. = the decimal parts of a pound required. 


Exzamp. 3. What ſum, in money is equivalent 
z. $007 ane ine man bene, lowing $ per cant. 


Here r being = 5, # = 12, # = 9, and & = 600, we | 


100 * 1279 X$ 
or $784. 65. 34d which is the value required. 


Examp. 4. At what rate of intereſt will 300 ook. i ff. 


teen amount to, or raiſe 8 ſtock of 330 


In this c we have e 1 6m 
E pes ok 7 will come out 


—JooX12xX 


KD Ki . 


baye « (by Theorem 2) = 222? x 600 * 12 = 578,313. 
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100 * 265 x 25 


of 4 per cent. amount to, or raiſe a 
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3 


Examp. 1. If 6001. ä be thv= 
WK... LM. ye. 4 per 


rn 


Here we have given A = 600, = = 
(for as 100: 24352: 04) which values 


Theorem 1. give m = (nA + nx = LAS obs 


240) = 32401. for the value that was to be found. | 

FE aus, ee rr or yearly penfoh. 

time, amount to, or r 
a Weck of 32407. at f per intereſt? © 

In this caſe we have given # = 5, 7 = -04 and a 3 


3240, and therefore, by Theorent 2, A (a. = 


ied in 


= | 


Ex At what rate of intereſt will an annuity of 
Co nerd in, 


In this caſe we have given A = 560, # = 7, and a = 


2m — 2nA 
4508; whence (by Theor. l N IX A 


2016 — 5840 6 
= LDL = .05 = the intereſt of 1 J. for one 


; therefore it will be as 1 : ,05 : 100 3 


e be. 5. 


adorn to raiſes GR Tl Ta ena 


be 5 per cent. * 
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"Harez we have given A Syboy 7 = .05, m =4gof 
whence, by Theorem 4. we ite have f [= ===) 


. -n hy 


1 
Nuts. If the rent or 


2 fa 2 . — 3 
hey en for tha — 
—_ 


beomes due. Thus, if it 


required to 3 what 300. bal-yearly een 
would amount to in five years & 4 per cent then 
the ſimple intereſt of 1 J. forhalf a year being = ,o2, - 
and the number of payments= 10, we, in this caſe, 
renn ot nemo rorg 
ly m (by Theorem 1) = rA +16 —= x rA = 327oL. 


which is the value ſought. Au the like is to be ob- 
ſerved in what follows hereafte: 


Of the preſet values of Anuities, or Poison, d 
computed at ſimpe intereſt. 


A =the , penſia, or yearly rent. 
E pon 


1 


of 1 br one 
728 me” 


| 7 * 
Then, becauſe the amount o the annuity, a 
is found above to be nA A in »— IT . rA, and fince 


x11. preſent money, is equivalat to 1+ ur to be re- 
ceived at the end of the tim #, we therefore have 


1+7:1::nA+jn.n—. rA (the fad amount) 
A. a 


2 in rquired value, in preſent 


money. Butit be obſerved that this method, I 
by 2 thevalues K 


eee f f t fr, 
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= any ſum pu out at intereſt, 


P 


Let A = any annuity forborn = years. 
Dres 
„ fame ü me. „ 


Therefore, fince ane pound, put out at | in the - 
firſt is increaſed to N, it will bean 2 to R, & is 
the fam fordern the freved your, to R' the mont 


one pound in two years ; and 231 wR, fois 
„ the RES Gn CRISS 
in three years : whence it appears that NR., or R raiſed 


23⁵ Of raster and Aunbrrmi. 
Thus, becauſe PR- js, =, there will come out-P =» 
E. te or, by exhibiting the ſame 


2 equations in logarithms (which is the moſ} eaſy for prac- 

| 2 = P 

| Er SKR K. 

r apa 
* P | 


a - 


n 
n 


Gnce is — AXR—1. 


— 
7 « Lajcw = hi A + log. = EE K — 1. 
2*. Log, A = log. m—Ilog. R* 1 + log. K— 1. 


mR—m + A—log. A 
75 2 7 
4 N— — + z — 18. 


To wich ih 
in are ae eh 3 


r. Log. E-Nr. 
2” Log. A = log. v + e —loy- 1— . 
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The uſe of which theorems, reſpecting the preſent 
vikues of regis 1s well tn of the wack Glide, 


for beben anoities in rear will full 
appear the following examples. 

Ex 1. To find the amount of $75. is Gece is; 
. per annum, compound intereſt. 

In this caſe we have given P 575, R = 1,04, and 
1 ares 3, bog s = 2g. STS.+ 
| 1e = 2,8 22 and —_ 
* or 7561. 135. 0 W 


bees. 3, In how long time wll 5580 raiſe » ſtock 
of 7561. 13% mw an} ey 
fo this . 


786.663 3 3 ——— 


a log. 1,04 
= 7, the number of years required. 2 


- Examp. 4. To find at what rate of intereſt 4811, i 7 
fifteen years, will raiſe a ſtock of 100 ]. 


Here we have given P 481, @ = 1000, and 2 = 15; 
therefore, 


= .0211903, whence R = 1053 conſequently 
cent. is the rate required. 5 1 


The Guy oft n e d the nie roms 
pound intereſt ; 0 YE e 
of annuities, : 


= 


y ren, or anouey, be forbora 
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therefore, by Theor. 1, log. m (= log. 8 


bg. KI) = log. $0 + bg. 1,04 LAQY — 1, log, 204 
Se — bs 4, = 3954. the value 


. Examp. 2. What annuity, forborn ſeven years, will 
— or raiſe « lock of 395 at 4 Jer cnt, com 
Pore 

In this caſe we have given R = 1,04, * = 7, 
= DO K 5 


4 p04 = 19 = 1 bg8g700 z . cooſquendy 


io how lang tine wild 964 annuity raiſe 
n Ack of 3954 at 4 por nt, orc compound i 


| Here, we have R = 3,046 A.= Sm = 3951 and. 
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F . 


= 9000 Q + TEST» 409 . 

3 + — 

OW 2 — 471 742. Tim te es 
Thus, for example, let a = — 


1200 then C292 
; 5 


the different caſes of 
_- ou the rules for 


r 


to continue ſe ven 
years, allowing 4 per cent. per anunuite 


| Here, we have given R = a= 
and therefore, by Ron ts Nr 


1 = gy = ey. EET) = ay: 100 + log. 


1 — Ep — 94 = 2.778296; and conſequent | 
W Js che rakes Bat was to. 


2 income, to con- 
20004. at 3þ per 


e ty r yo log 
+ log. EXT log. T * 
ee. ala 
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Eromp, 


7 


rate per cent. very nearly. 


Examp. 3. For how lo with 600L 
—_—_ eee ee may ang wit . 
this example we have R = 1,0, A = * 

v = 6003 and dee by Mae 3. "(= 


— <5, the number of 


- 


n 
222... 
Here A = 1 2 


ner = being = 
have R“ — WY + 125 So; which equation 
value of 


* the required of R 1.06275; 
. 


annum. 
222 


Tbe ſolution of this laſt eaſe bei 
the following approximation (whii 


rr 5 


mn 
= =: n + I. A ns © 6 
Aﬀſume Q — ; fo hall - — 
3000Q.— e ) 


*. . — 3 —47 7. eee : 


Tes, for a4 8 5% 
\=19 wy (910% Wai = ELIE 


oo - 8400 -- ve 
= 27,5, we 7 5 or 47s. 
for the rite, pe cn. the fame as before; © — oo: 


— 7 — 1 2982 
\o5 e 35,07 = A quit Irs; 
x 3 » 


1 


i. = 
; ö 


8 ECTION 


a 


*%\ it 


* 


bu, mee, 
e a | L "BY *Y . 3 {© © 7 


1 


» 2- 


— u 


1 


16 16453 1 


bene 


98 


* 
by 


gy ang 


G 2 


try is the 


* 


* "TJ 


Ig 88950 


1 


8 


N 


2 
2 


rl - 16:8 
ot * 


12 T. 
1 4 


2 
| TA 


l 


1 


nts 


hy * 
al 
© 
þ * 
— 
0 
—— 
08 
.0 
as 


? 
2 
& 
27 


18 


—— —.— EY 243 
a 
pred by F TED $73 NN 


© ETD oy 


f ( | ; 
$32 8 &c. 
21415926535 TS, . 


444 Fs” Of. ln, Taupopouprer: | 

But there is another method of the trigano- 
metricat canon — — 7 , oof 
metrical ; arid that is, by determining the fines and tan- 
2 „ 


tions. 


PROPOSITION u. | 
The an arch being z to its one tan 
ur. hs 


Let AE be the propoſed arch, EF its fine, CF its 
'AT its tan ms CT its 
Rt then, by E ne. ” 


Hence it 


appears, 
T: NN „„ 
co- ſine, the fine, and the radius. 


2. That the ſecant is a third proportional to the co- 
| fine, and the radius. 


That the co-tan is 2 fourth to 
a the co-ſine, — oc radius. n 


4. That the co-ſecant is a third proportional to 
ſine, and the radius. the 


5. And that the reftangle of the tangent and co- 
tavgent is equal to f 


PROPOS 


| y Of Prams reisen. 4 i 
__ >, pRoOpOSITION.M. © 

The 6-fnetCF far OF ofa ou AE, hang given; fad the 
fine and co-fine of 


-/ From: the two extremities of- the diameter AB draw 
; ſubtetifes AE and BE; and let CQ biſect the arch 
key by right FL 
is a one 31. 3. 
triangle N and | 


- 
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muſt be = 
CD=FxB 
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ba 


{ AB; 


P . 
.. 


322 e | of 2 AE. 
PNA I =theco-fine 

Hence it is evident, that the fine of the balf of any 
arch, is 2 mean proportional between half de radius, and 
the verſed-ſine of the. J. T 5 .. 
f an. * . TT L039 Ht 


welt PROPOSITION 8 
, d c CD, ure A bing 
given; ts rere the 
the preceding figure.) Jets. 


Since AE = 2AD and BE'='2CD: and the triangles 

AE and AEF are alike ( Eur 8: 6.) we 

= (RC): * E (20D) 2. 2 
Ars, if obo en og 
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1 wat DG (= mn + De) dive = Sg dere 


preſſed in words, give the following Theorems. 


* If the of the hree 
1 2 — So FEE 


3 are of excellent "the cg 
ſtruction of the Gere ice for, 
; r arch; of x minute to be 
1 rop. 6 and i, and"to be denoted and g, ref 
Prop tenz the ine of 2 minutes given 
E 3 minutes will from bence be known, 
+ br 


rs of 2 + fine of / (by Theor..2.) After the ſame 


x fing Z — ſme i” (by Theor. i) or = 2p 


ai 
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ſins of 15. 


ſo of others; which is 
arches greater 
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abr BC, js tre (of 
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E 
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3 44 12 8 
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t is, as CB is to the fine of A, ſo is AB 
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PROPOSITIO 
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angles FBD and EDB are both right-ones 
is = FBD (= ri age) becauſe DE 


(for 


tangent of BDF, of DBC; 
is, manifeſtly, the exceſs of C, abeve BDF, or | 
and alſo the exceſs of ADB above Ac. . B. D. 
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xAF = AC NAG; nd there- 
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of the 


© \ 


"The 


LE * 


- 4 
i If * 


9. 


1 
93 \ 


* — . 
„„ 


unit: 


= 
* «4A as — 


- 


" l F "& 
AK A DE ASSES 


* 


. * 
* ©. - 
” \ * * 
9 
rad. 
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By: AC (by Prop. 9 
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The Solution of the caſes of oblique plane triangles. 
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AB+AC 


the greater ang. C; and 
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wa 


| leaves the er ABC (Prop. 10. 


SECTION, xvIll. 
The Application of Algebra \to the Solution of 
| Geometrical Problems. 


; bg 


3 
neral directions, which will be found of uſe. 
1. In preparing the figure, by drawing lines, let 
them be either parallel or perpendicular to other lines 
in the figure, or fo as to form ſimilar triangles; and, if 


proper quantities to ſubſtitute for, let 
| hal be choſen (whether required or not) which k. 
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PROBLEM I. 
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45 


4 71 
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boſe (3), and 
the 


given 3 fo fi 
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[AC wir ke | 
PROBLEM Iv. 


" Having the tengths of the three PF, PG, 
; rü, drawn from a _—_ point P within an equilateral 


triangle A r thenge to 
— Jer. 4 
Let lines be drawn from P to the three angles of the 


triangle; r 2 
PF, a; PG, b; PH, ; q : Tp 
AD = x: then will AC FS hy. 


whereof the reſpeRive areas are ax, bx, and cr. 


Therefore we have ar. J = ax + bn + cx; and from 
= ; * 4A. — + » A 

Menn. my g * | : | 

+ © PROBLEM v. | * 


- * 5 2 
„Teer the area a reangle DEFG, inſeribed in a | 
triangle ebe determine 2 . reti angle. i 


4 


r re 


K n 


„ 


leaves a — . = TH; and this, multiplied by x, gives 
. = cc = the area of the rectangle; whence we | 


b - 
have abr — as = bee, „ by = = NN 


"Is, Fr. 1 "x 
"LM: ab; whence xis found | 
="vab + {dd — 4. NN i * 


PROBLEM vn. 


Shim's given point P, without @ given * % te 
draw a right line PO, that the part thereof RG in- 
tercepted by the circle, ſhall be ta tbe external part PR, in 

| @ given ratio. 49 e Ne - fag. 


fy \ ; 
to Cxounrazcat 3 259 


Through the center O, draw PAB put PA = 47 
PB=3, PR 2, and let B 

the given ratio of PR to 

RQ be that of m to n; 
rr 


2 * R therefore 


PF © + E1butPR 
PQ = PA * PB, or 
xXx 1 = oh; there- 
fore ma* + d = mad, 
and x = 


BI. 


57 
PROBLEM vm. * 
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area of the triangle being given z — nd th 


eee * 
þ and the ven aren 


in the former equation, gives EX = a; ſrom when 


-H 55 and Ac 


* 0 
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PROBLEM R 


e ener 
eng * put AD S BD = 4, 
| AC x; and let the 

ratio of AC to BC, be 
— 


as N 
nx 
—— 


_ = 7 7 


— 


Fiona 
CD = 5; and the 
plane tri- = 
— (fee 
— — 
n (by Prop. 11. Ses. 18) we ſhall have 6 25: 4 = 


the lines of te Sn baſe ; therefore 


"the greater ſegment AD will be = © + 7 = 


- 


„te GN ͥ Tn Pont. 4562 ; 
& +26 +44 +, 9Þ = r | 
Kod 
ie 
8 rAOBLE M. KI. ä : 
The boſe AB, the AC-3' BC; and / 
rr er tt ; 
middle of the boſs, deing given; to determine the triangle. - 
TED LEE RET S 67DC = 4, AG + BOSS 
and AC = x; fo ſhall . 1 
= c= X, 18 
AC + BC s = 
2AD* + 2DC* (& 
El. 12. 2.) ; that is, | 
E + e— x} = 26- f 2 * 
+ 2; | Ro 
reduction, becomes — —— 
— K.. | 1 
Fier * + * — 
A Hogs us 
| PROBLEM. XII. 
DD 
17-2 Soba 5 


MAR n 
8 


3: DB ee 51 


EI. 20. 3.) AC x CB — 
AD 2 44 CD, that is 


2 * 1 B 
whence x will be found = FF W. 
* 28 . Wa 
= 4 . $3 a PRO- 


25 The Aryurcamion of Ates 


1 * . 


PROBLEM 41108 


The AB + BC + CA, and the perpendicular 
BD, + the right angle B, to the AC, 
Ni fr right angle bypethenuſe 


2 Let BD = * C = 3, AC eee 
+ BC.+ CA = 6: then, b reaſon of the ſimilar wi- 
angles — beass:iy: f 


A 
. 20 = Þ — 2bz; but, by the 


| firſt equation, 245 is = 202; therefore 20% . — 
_— we But to find 


828222 . 
S .-. and conſe- 
* 9 c. This equation be- 

"to, and fub ed from x + y=b — <0 
papal apy * 
5 PO 7 — 4c, 


PROBLEM XIV. 


the perim eter of a right-angled pt ings ABC, 
and the rabies DF, — z te determine 


* 
% 


Fram 


* 8 x * — 


/_ | * 


to GromeTRICAL — 263 oo 
From the centre D, r A, B, C, 

and the points of contact E, F, G, let lines DA; 

DB, DC, DE, DF, DG be drawn; making DE, 

CE '-.C f = IR 


Dx, D = AB = BC=y, AC= =, and 
1 1s. le is evideat hat = + 2.4 er 
BDC, and ADC) will be = 2 = the area of the 
whole triangle ABC; and « uently 2xy = 23. 
moreover (by Euc. 47. 1.) „ + © = z*; to which if 
2xy = 246 be added, we ſhall have * + 2% + „ or 
1 + y | = A 246; but, by the firſt ſtep, x +y ® is 
=b—zÞ = Þ — 2bz + z*; therefore, by making 
| theſe two values of 1 + y equal to each other, we 
get 2 + 24h = * — 2bz + 2*; whence 24 = b— 2, 
and z = 4b — 2. But, to find x and y, from hence, 


we have now given & + (=-) = BA and 
xy = ab : the former of theſe equations, multiplied by 


xy = ab being ſubtracted, we have x* = Ib N ax — ab, 
' or — == ? x x = — &: whence, by completing 


we have AC = jb — 4, and AB + BC = 


* 


. The Arpuacamion of Aotana' 


Gas 2a += VIF= 1245 ＋. 


— — 5 


that the three ſides of the va. gfe are, 46 — my 
20+b+vVad—n2abtF , and22 + b—/ . 
4 | 4 
The be- angled e 
ri triang 
ſides DE, DG equal, and AD common, 
AE equal to AG: and, NI. Ar 
CF; and conſequently AC (AE + CE 
Whence it appears that the by 118 
2 AB + BC: by the diameter 
the inſcribed circle, and therefore leſs than half 
rimeter by the ſemi-diameter of the ſame circle. Heger 
£6 + a. Put, 
therefore, th—a=c, tb +a = d, and half the dif- ; 
ferenceof AB and BC ='x; then will AB = 4 + x, and 
BC= 4 e and conſequently 26> + 2x* (AB* 4 505 
= (AC*), whence x is found = V3 A4 therefore. 
ABis = jd + Vj*— ©, and'BC = . E 


PROBLEM XV. 


All the three fides 0 „ wieugh ABC Jeing giaes ; 3 10 
un the area, 
and the angles. 

Put AC = 4, AB = b, BC = c, and the ſegment 
AD = x; then BD being = b — s, we have c 
b— ** Lin CD®) = & , that is, rt 


1121 


_ 


—— Pramas, 263 
42+ bb-—ec 


: wy AMY 


Mm 


S De , T, 


* A AEUT * RF $ 
. 


rr X x —— 


But, becauſe the difference of the ſquares of any twa 
lines, or numbers, is equal to a rectangle under their 
ſum and difference, the factor a + f — ©& will be = 
@+b+cxa+hb—c; and the remaining factor 
* -i =c+a—bxXc—a+b: ad fo 
the area will be likewiſe truly expreſſed by | 

— ——3 m —— 
TIF I—e K 2-6-4211 
„ 
* „ n | 


. — 1 1243 by making s = EEE. 
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- aL a+b* —& a+b+ec a+ bone | 
—  ISISYS ta ater 


— 


= = X77: but DF (Li) v DC 


(JV. 1-4. . - 4, fo is the radius to the tan 


gent of F; and confequently s x 5 —c : 11 * 5—& 
7: ſq. rad. : fq. tang of F; that is, in words, as the 
angle under ha'f the ſum of the three ſides and the 
exceſs of that half ſum above the fide oppoſite the re- 
quired angle, is to the rectangle under the di 
between the other two ſides and the faid half ſum, ſo is 
the ſquare of the radius, to the ſquare of the tangent of 
half the avgle ſought, 2 


PROBLEM XVI. 


Having given the baſe AB, the vertical angle ACB, 
and the right line CD, which biſefs the vertical angle, 
and is terminated by the baſe ; to fing the fides and angles 
of the triangle. | 


Conceive a circle to be deſcribed about the triangle, 
| 8 and let EG be a diameter 
ö 8 of that circle, cuttin the 
| S baſe AB perpendicularly 
By . [ inF; alſo from the cen- 
F ter O, ſuppoſe OA and 
CD be produced to E 
* |  /D riphery in that point, be- 
AN | cauſe the angles ACD 
ö and BCD, being equal, 
muſt ſtand upon 
arches EA and ER). 
Now, becauſe the angle AOB at the center, ſtanding 
upon the arch AEB, is double to the angle ACB at 
the periphery, . 


- 


2118 will bo 


* 
21; ad ſ 
G, being 2 


it may not be improper, in order to render ſuch ſolutions 
more general, to ſay ſomething here, with regard to the 


quadratic- equations. 


Conftru#ion of the firſt and ſecond forms. | 
With a radius equal to Fa, let a circle OAF be de- 


The APPLICATION of ALGEBRA 


. fince (by conſtruQion DE-is'= 9, iti plain if 
called x, that CE be x + 21 but f CE be 
x, then CD will be x — @ but, by Exch, 37. 3. 
x CD= AC x BC, cat i 7 a x * (x* + ax) 
firſt caſe; and x x = i —ax}) 


in 
the ſecond ; which two, are the equations 
e. "_ 


* 


r 
v 


py * 


and FC are eq 


Conftruttion of the third form. 
We in the nn equal to 3, Jet a circle be de- 
** Abl eue * ſum 


DC, or EC) be denoted by x, the remaining part 
1 but DC x EC AC x CB (Bac: 35. 3). 
that is, ax —x* = bc, as was ts be 
The method of conſtruction, when 5 and c are equal, 
is no-ways different; except that it will be 
to deſcribe the whole circle > for, AC being, bere, pers _ 
pendicular to the diamerer ED, if a right-angled triangle 
OCA be formed, whoſe hypothenuſe is is a, and one of - 
its (AC) = 5, it is evident that the ſum (EC) 
and the difference (DC) of the hypothenuſe and the 
V 


N. 


tangent CF : therefore, if a right- 


PROBLEM XVI. 


DV. boſe AB, the vertical angle ACB, and the right Ze 

ED, drawn from the vertical angls, — 

given; to find the ſides and perpendicular. 

- - Suppoſe-a circle to be deſcribed about the — 

and let CQ be perpendicular to AB, and ED equal, and / 
to CQ; moreover, from the center F, let F 

* i drawn; ile ke CE be drawn ara 


75 


the 
* S 


873 


22 (fine 
of DBF): r and, 6s = (fine of BED): 


(DB) : : x (fine of BDF) : = = the radius BF, of 


FC; whence EF (ED—DF) = = — 2 e. 


But (by Euc. 12. 2.) DF* + FC*+2DF x FE = De-; 


yy PIN of any 
is equal to the ſquare of the- radi 
caſe, mn ö — 


89 oF 


| whence our equation becomes a. +—== pz which, 


m DC + DB «x DE—-DB 


=—=X AR. z where — expreſſes 


ho gngant of the nyſe KD 1 therefore, in any plane 


michele und the Tn bileAing the be fo K er 
ſemi 


and the line biſeting the baſe, ſo is their dif- 
— — —— 7 and, as the radius is to 
the tangent of the vertical angle, ſo is that fourth pro- 
portional to the perpendicular height of the 2 
whence the ſides are eaſily found. 


6 or BFD, be re- 
preſented by p, and the reſt as above; then jt will be 


(by trigonometry) as þ : 1 (the radius) 124 5 


Dp; therefore FE (DE—DF) = x — 7 and FC* 


(= FB* = DB* + DF*) = & + =; and conſequently 
* 
. p 7 

252 wen. * * 
the ſame as before. 


HITS 


PR0O- 


whatever, 
or, in the preſent 
= m?, and conſe- 


quently — —= . (or = - X 1— 9 = e 


+ xa (DF FC*+ 2DF:FE)= 
2 b'—a 3 


I 


to GromeTarIcar ProBLis. 
0 PROBLE M XVIII. 
— BG: bong given; to SSL 
"Sapp 5 ce be etl nh rang maid 
ing the fides thereof in the points D, E, and F; 


from the centre O, ſuppoſe OA, OD, OC, OF, OB, 
and OE to be drawn : | | 


- 


we have 2 x OE = aa; and therefore OE = ge. But 
AD being ; — AE, and BF = BE; ic is manifeſt hat the 
farm of .the des, CA + CB, exceeds the baſe AB, 

the ſum of the two equal ſegments CD and CF ; and 

is greater than half the perimeter by one of thoſe 
ſegments CD ; that is, CA + CB = £4 + CO: bur 
(9 trigonemetry) as 1. (radius) : =» (the tangent of 


Doc:: = (OD) : DC = , whence VA + 


CB (= £b + CD) = Ib + =; which, taken from (+) 
— avs [b— ZE = hs A," 
| Make now {8 + 25 <4 then will BO ea alſo 


b 
(by Jie will byes 7 (ending) : = (h0:fan 


„ A 


of ACG) : : (AC) : , half wherrok bal 
plied by c—x (BC), gives — -.= &; the ate 


* from whence : cones gut 1 K 


| 2aa 


7 


— N 


PROBLEM. an 
A led triangle A 
1 a BY on 3 _—_— 5 
Lee 


b. nf a>, AC N AB 1 
then it will be, as : :* 


N C _2(AF): (FD); beer 
„ we have ax = yx — yoy and 
-.- conſequently xy = ax + ay. 


E Moreover, xx + = M: 
to which equation let the 
double of the former be add. 
ed, and there ariſes * + 2 

* T7 a2 + 2%; 
that is, 2 FN = * + 2 

er J; where, by con- 

x + y as one quantity, the 


Hm I ET 4.6 LAG! 


ubſitucing.) I. in- 
equal (y) in the ; equation xy = ax + ay, 
cr ——> #* = acy whence x will be found 


Tee — ac, and y = Ic == ec — Ace 
hence that c; or its equal 22 + IF 


| + 5 cannot be leſs than 42, and therefore h“ not leſs - 


ge; - becauſe the quantity r — ac, under tue 
radical ys be negative, and its ſquare root im · 
— — a uares, whether from 


— negative roe _— ſo that there 


cannot - ariſe ſuch 3 
* | unless 


— 


to Growers eat FRO _ 

unleſs the conditions of the problem under conſideration 

are inconſiſtent and impoſſible. And this may be de- 

monſtrated, from geometrical principles, by means of 
LEMMA. n 


of the two quantities be repreſented 
by AB, and the leſſer by BC (both taken in the fame 
right line). Upon AB and BC let the ſquares AK and 
C 5 
ed 


be conſtitut- 
take AP = H 5 1 | K 


by: 
PB the fiffereace of the 


\ 


274 The AzPLicarion of ALonuna © 


Let "AB be produced to F ſo that. the angle BFD may 


a” 


PROBLEM X. 
The boſe AB (a) and the perpendicular BC (6) 


right-angled triangle ABC, being given; it it propoſed — 
fied « pint D in th the , » if two right- 
lines be drawn ence, one to the 7 point A, and 
the other (DE — cular thereto, the triangles DEC, 


ABD, oa of & lines, fall be ts one anether in a 


Jan putting AC = — 


ST T 


; v 
-— can Pu 
Then, by reaſon of the ſimi 


les ABC, DBF, 


it v be, - (AB) : b N : b—x (BD): BF = 
BY —bs — £4 b*— bx. 


bm 


=, whence AF = 
E 


, the 
right-ngl, th 


and F being equal (by con.) the tri- 


angles AFD, DCE, muſt be fimilar ; and conſequently 
ar ): p- — ) 


24a 
on 


lr 


ths area of (66 triangle AD (5 


angle 


e, 


(becauſe - 1 * =0). Alte as ADE is 
les FAD, EDC will be equal; there- 


==) the area 
| of the triang'e DEC: RIOTS whe area of the tri- 


ff 


ratio of the triangle DEC to ABD? 


to — ARES | 275 


..1*- 2 - a I Dr f 
ie En — 
mc 


conſequently, xx" = m x ©—Tz, or == = 


which, reduced, gives x = 27 . 


CB let there be taken, CH: CB: : 1, and let HK 
be drawn parallel to BA; then CH being = I and CK. 


=, our equation will be changed to x* + + x CH 


— üä —-—-—ã 

= AC CK, ot to CD x CD + CH = = AC x CK. 
U pon CH as a diameter Jet the circle CTHQ be deſcrib= 
ed, in which inſcribe CG = AK; and in CG 

take CS = CA; and from 8, 8, through the cengre O, 
draw the right-line STOQ,, cu the circumference 
| in T and Q, and make CD'= Tx then will D be the 
- point or, CG = AK, and CS = CA; 
— ACX CK = C x GS = ST x SQ (Exc. 


37%. %)} = STx5STT = ch D lf the 


1 


* 


. PROBLEM *. 


9288 and DC tobe drawn; and et DE ; 
Tz | 


2 The Avviication of Aucrata 


and the perimeter, AB + BC + AC, mg: then, the 
: Fa area of B being ex- 


n 
of BDC by 2 that 


b 
F | 
of ADC, by —; and 


that of the whole 


0-5 ABC, y 2 we there- 
fore have =+24 — = 2, or ax + by + = 2 


ep be ſubtracted, ers wil dental aw =p ho 
+ r — 
putting d = b—8&, e=p Fc—&f = iff , 

2 + c—b, and h = I — bp, wil Rand thus, 

&y + 4 = f, and — d + gz = bz whence y = 
de ſubſtituted in - + * = a* and we ſhall have 


; - "TY ' | 1 | , 4 © 
| S. = x, or + gi 


X 2*=—20f + 2gh X23 = --: put © + gf — # 
= h, of +gh = 6, and f* Sui fo ſhall 4 — 


th = — m; whence *— f = — 2, andz = 


7 


.þ >|» 


- 


— 2 7 — 5 —.—Ä 


No hank ee eqn wed 6 der, the p 4 
centre, i 

a radius of the inſcribed circle ; 18 
this caſe, will be barely equal to h —@; for the equa- 


Sip PERS (qo bo, 
here becomes pz = 48 — 

But, if only a aid 5 (or DE and DF) be equal, then 
the equation will become 3 Tc * 2 = ip*—ap; and 


2 —ap 
therefore 5 = Fern. | ; in which, if c be taken = Co 


* will be = SF; where 0 he fd 1. 
ſcribed ſquare, | | 


PROBLEM XXII. 


The perpendicular CD, the difference , AD— 
BD, and the vertical 22 5. Fer ret ABD; 
being given ; to determine EN 


From AD ( dd. let fall the 
perpendicular BE Ne 
fe = er rake ding une |; allo let the 
| * 
D 


2 . 
DA = x +4: then 


55 * 
3 * = *>Y 
ED. Now AB 
AD*+ DB* 
( Fuc. 13. K 
pounded by x + 41* 4 — 
„ 
W hoes, by 


C 
reaſon 


of the 
fimilay 
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ſimilar tiengles ABE 2nd ADC, it will be, as 2x* 4, 
24x + 4*— ger — cr (AB“: * (BE*): : 
+ 2x4 + dd (AD) (aD)* 25 ), and conſequently, 
10 multiplying extremes meant, 3" x* + 21 
a“ = 2þ*x* + 2 dr + f*d*— 29*cx* — 29%dx ; from 
whence, by tranſpoſition and diviſion, we hape 4 + 
. + Þ— 2 4 x a. + LE Le x 


＋ 
3 Which equation anſwering the condi- 


rows of he fed cate of bidet epi x 
b. 154, we ſhall therefore have * + dx + = 


wee, 2 — . 
ee . 


Otherwiſe. 


Suppofing 5, c, and p to be the ſame as 
half the given difference of the fides = a, and half their 
ſum = ; then the greater ſide AD will be = x + @, 


and the leſſer ED = 4 — 23 wherefore (by trigonometry ) 


I:$5: : #—@: „ TL BE; and, 1c: : x—@ 
* = = DE dat AB is = AD* + DB*—2DE 


„ AD S Tal Ta: a K „ 


2x* + 2% — 2cx* + 2ca* whence, by reaſon of the 


 fimilar triangles ABE, ADC, it will be 2 + 29 — 


2cx* + 2c (AB*) : f x Ta (BE) :: 3'F @* 
(AD*) : #* (DC?) ; and conſequentiy / x Ta x 
x + 2 = ff tary + 2ca* X , Or fat 
27 + fat = — 2 '+ % + 2% 
whence, by n and diviſion, “ — 24 — 


3 — 
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f=e+5— E. wtg=& x EXD >, 


then the equation will ftand thus, * wm 2 = 8: 


whence 2 is found = y f = VF + e- 


+ > n in 
terms of x, from the fame equation. 8 


PROBLEM XXIIL X 
Having one leg AB of a right-angled triangle ABC; 
to find the br df Bo þ that the relexgle unker their 
difference (BC—AB) and the hypothenuſe AC, may ke 
| equal to the area of the triangle. 
Put AB = @, and BC = x; fo ſhall AC V 3x; 


and = = = vas F by the conditions of the 
| "+ nl 


— qung de Go 
x* — 24x + @& X aa + xx: in 
which the ities x and a 
concerned exactly alike, the folu- 
tion will therefore be out 
from the general method ex- 
tracting the roots of theſe Kinds of 
equations (delivered at p. 150): mme ä | 

according to which, having di- A | + 
I += i 


x = +=; which, by making x = < + 2. vill be 
reduced down to 4 = 21 * , or 2*—=2z = |; 
ghence x is given = 1 + VF. But, fince +=, 


3, and na = c; ſo ſhall our equation become 


280 The APPLICATION of ALGEBRA 
we have x* — an = — &; and therefore x = — 15 + 


SE —e=2 LEES d which, by fub- 


ſtituting the value of z, becomes x = < r 


— 


1 . = 


PROBLEM XXIV. 


"i 


Do draw a right»line DF fr from one ang le D of a given 
— 1 » ſo that the part thereof EG imerced by : 
the ppt angle nd th p74 


pr hoes may be of # new be. 
r and let AB (= AD 
= , AE =6b,F 


15 
then DF* (= AF* 
. + AD*-2AExAF) 


= xx + aa—2bx; 


F 2bx(DF*):xz(AF*) 


A5-. 5 * 


: : cc (FG“): — A (BF*); and conſequently 


IO x Ts. Make ma = 


xx ＋ ag 2m X zx—2ax + aa = n*&*x*: which, di- 
vided by di, gives a + 2-2 22 


n.7 = becomes z—2m x* 


—— 


2 —2 = n*; therefore 2 — 1 T IN 2 2 - 4, 


and z = 1 + m N n+ 1—m' =. 


FS: 


and, by fimilar tri- 


etl 4.x CESS, by refiojing the values of - 


and From whence the value of v will be alſo 
m n. 


— —— EY 
known; for = + S being = , we have, by reduce 


PROBLEM XXV. 


' The di AR Bl. cod g2 ang » DAB, 
ABC, BCD, and CDA, 89 CD, being 
given ; to determins the fu. 


ium fimilar to ABCD, | 

whoſe fide PQ is unity QP and RS be produced 
till they meet in T: 2 tee PR and QS be drawn, 
and make Rv and „ Let the 


a 75 5 - 
e fins of ths niven angle 8TP, to the radius 1, 
put = m; that of TSP, or PSR, = ==; that of 
=þ; the co-fine of SPQ = x; that of R = 5; 

AC = a; BD =I; Pr = W 


gonometry) n : 1 * PS = =; and 1: ＋ (8) 
; 5: Pw ===: e, by Eu 13. 2, W(=* 
+ PS? — 2PQ.x Pw) = 1 + EL EE, 


| Again (by trigenometry) þ : m::1 +x(FQ): f 
A = 4; ad 1: :4:: DDE (QB): ο = 


4X44 And therefore PR- (SEAL 
ö 250 


tz - The ApPLicaTIOn of Ace- | 
 2PQx Q)=1 2 . But, 


becauſe of the ſimilar figu 
be, Ac“: BD“: : PR: 


5 +1 1 9 8 
— I; which let be denoted by a, then we ſhall have 


OP =y/ 1 — 2x; which alſo being = PE + OE 
(2vax + 2) we therefore have Vi 1 = 2Vax 
+ @ ; whereof both ſides being ſquared, there ariſes 1 — 
2x = 4 + 44aV ax +a, or 124 — 2x — 44x = 
4aVax; which, becauſe 1 — as is 20, will be @ — 
1 + 24 X x = 2a/ax : this, ſquared, gives a* —T Þ 28 
x 24x +1 + 2aÞ X x* SA whence 1 T 2aÞ x x* 
* 


— —— —— ——— . ðf⸗,e — — 
@® 
. 


— 
— —— — — — 7 —ä—ñ?—ͤ f 
* 
* 


0 

all; The Arrticartom of ALozuna | 
1 inſtead of itzequal 4, becomes 25 — 1)* x x*— 
T—q x m=—3; therefore x? => x 


— 4 2 


= . 1 
R - FETIPSD 


E—9z In +7, 1 


48 „e 
1—1 


9 —— 
other being manifeſtly too large : but this value will be 
2—? 


—_— - Therefore OP (=vV1—55) 
2 =10V2 _ = wVI=r a 


N d 


uke BH = draw HO 
cutting the * BDL = 420, make the 


angle OFP = F OHB, and draw Ps parallel to B. 
i TER — L 
SCHOLIUM. 


In the preceding falution it was uired, not "3B 
extra the ſquare rot of the radical quantities 3 * 


| 


to GRoMeTRICAL PROBLEMS: —_ > 
V2 and 51 — 10%, but likewiſe to take away the 
2 +. by n. 
tor: all which being ſomewhat difficult, (and, for that 
| reaſon, omitted in the introduction, as too diſcouraging 
to a young beginner) I ſhall therefore take the oppor- 
to 


explain here the manner of proceeding in ſuch 
like caſes, when they to occur. 


Firſt, then, with regard to the extraQion of roots out of 
radical quantities, let there be propoſed A + VB, A be- 
ing the rational, and / H the irrational part thereof g 
and let the root required be repreſented by Vx < V3; 
the of which will be x + 3 & 2Vy, or x 4 
4: therefore wehavex + y = Vary =A+vB. 
Let the irrational, as well as the rational parts of theſe 
two equal quantities be now compared together; ſo 
ſhall » + y = A, and V = VB: * 
of the former of which equations ſubtract that of the 
latter, whence will be had zz — 2xy T == K— 5B; 
and, by taking. the ſquare root, x — y = N-; 
reer 
gives x = 9 — B indy 2 — B 
In the firſt of the two caſes above ſpecified, the quan- 
tity whoſe ſquare root is to be extracted being — 
96% 2, we have A = 136, and B = 18432 (= 961*, 
x 2); whence we have x 2 2 A=2) = 72 
and y (= 2 2 B, = 64 and conſequently 
VLN Ni- = 6/2 — & the required 
ſquare root of 136 — 2. After the very ſame man- 
Cr ſquare Fhor of the ocher radical quantity $1 — | 
20v 7, or $3 — g will be found to be 5/3 —— 1: 


— 


— — 
— 


26% The ApbLication of Abd 
for, A being here = 51, and B = 200, we have x = $0; 
and y = 11 and conſequently T- VF = 5/3 —t: 
What has been ſaid, thus far, relates to the extraction 
ln op eggs but the fame method is eaſily 
to the cube, biquadratic, ot any | 
| Let us take an inftance thereof in the cube 
1 we will ſuppoſe the given quantity, out of whi 
-  * root is to be extracted, to be repreſente 
| as before; Then; if the tional part of the root b 
noted by a, and the irrational part by V; the root i 
will be expreſſed by x K / y; and its cube by #* 


> 


4 
SH 


; 


Ld 


1 
7 


* 


[ 


U 


and by multiplying the ſame equations together, we 


Dr 
ni ver ſally, inde: root to be a 
15 — by #, and let the root itſelf be repreſented 

by x = V (as above). Then this expreffion, raiſed to 

| s . 2—1 5 
che ath power, vin be- & 5 
* * Ae. from whence, 
Kill following the ſame method, we ſhall here get 


— 
- 
- 
g ar 


—_— 


Ein b 


A 6 ane Srote mes of | 


the radical quantity 26 + 15V Z. or 26 + V G75. 
Here, A being = 26,B = = Gyn. wad $9 


*(= e 1 e 1 
- + — 
= 2; andy (=4 —676—G731F) =33 4 
quently x + V5 = 2 + V3 = the value required; for 
2FV3X2+ VIX2S+ 3=26+V075. 


Again, let it be required to extract the biquadratic 
root of 161 + V 25920, In this caſe, A being = 161 


> = 29990 nds = 4 wears (= DD, 


1 
he 2 x agg Gelb © 


7 (= 
1 


eee 8 


_ 1 08 ae 


x (=4 + 25921 7e) 2 33 therefore the 
ſought is, here, = 2 . = 
- Laſtly, if it wefe required to find the firſt furfolid, 
root of 76 + es; then, by proceeding in the ſame | 
manner, x vhll be found (= ) = 1, and 
(= 1 — 7776 — e = 3: and ſo of others. 
ut it is to be obferved, that the part of the 
value of x, to which both the ſigns + and — are pre- 


and we may ſafely conclude that 
does not admit of ſuch a root as 
It may alſo be proper to remark here, 

value of x be taken, the 
n that of y muſt be taken accordingly ; and 


bl 


ing ſufficiently exact to determine whether x. be a whole 
e, and, if fo, what it J. 
Thus much in relation to the extraction of the roots 
of radical quantities; it rethains now to explain the 
manner of taking away radical quantities out of the 
- denominator of z fraction, and tranſplanting them into 
the numerator. ; * g ps” * 
In order to which, ſuppoſi ol 
number, it is evident, in the firſt place, that = 


Tyan If... 


A the terms, except the firſt and deſtroy 
another. Hence, by equal divifion, we have ; wy 


— 
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where the fign — or +, in the denominator, takes 


place, according as the number v is even or odd. 
Let now x = A-, and y = B"z then our equations 
. 


K - BY , 
an AE ATR + An Br... Bn 
72 E.. 


From which theorems, or general ſermulæ, the mat- 


ter propoſed to be done, may be effected with great ſa- 


from radical quantities, 


be | then, A being =2, B=1 
ST, propounded ; a being | , 


n Hud = 15 we ſhall, by taking r = 2, have ( from 


| Re a | OR 
_— n 


- 
4 


_ | 9 | Again, 


1 . 


— „In which A 1 —— IJ - - 
c 
B = In , and » = 4, we ſhall, by taking 
1 = 4, have — : — 
al +37 3 
A * Ni iA 
BE Ig FE 2 — 2 * 4 

If the numerator is not an unit, you may proceed 
in the ſame manner, and multiply afterwards by the 
numerator given. Thus, in the caſe mentioned at the 

biginning of this fobalium, wo had given F20=? 
ZI aVa-—i 
DS 1 4 
which may be reduced to n 
I 2} —_— | ho 3 
—— gs  _: Þ 


but T7 bs nds hea o be = "2+ 


2 L: whence our expreſſion becomes 72 — 7 
2 + 1-, 29½ + 1 5 


2 * : which, by multiplica- 
tion, &c, is reduced, at length, to ETA 


PROBLEM XXVI.L 
Having one leg AC, of @ right-angled triangle A 


be a mean proportiana 


falling thereon, and the perimeter of the triangle. 


BC, | 
fo the other leg BC, /o that the 7 AB > 
find ; fo pd an = 

Put 
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Put AC = , and BC = x; then will AB = 
| | AC x BC, _ ar 

ada: do (= 2 —_— 

therefore, by the queſfi- 1 

on, x+a+ vxx + aa - 

:Vax+ aa::Vaxtas _ A 


oy | 2 
. ; and conſe- ? 
Ve P | | 
ar + ox a — 
quent] + ax D B 
2 a 


= xx + . whence a + 2˙, T = 
ax + aa — ax)" X xx + as. Divide by a (according 


| Xx # 
„ 156) fo ſhall — +t2+ == 


1 


. 1 


1 ILL 
EZ +2—1| x = + =: which, by making == 


nd , a 
= + =, is reduced to +2 =Z—1]* x er . 
— 2 = 2. This, ſolved (by the rule for cubjcs) 


. 89 p ,1, 8 
W 23 +V/r16r) Err! 
= 2.359504: whence x (= © x Li) wilt 
likewiſe be known. 1 h 
PROBLEM XXVII. 


Lr ACD nd SC, formed from 
Seppel DF parallel to AC, and let AF be drawn : 


K S and AC (+) 
4 88 2 N 2 
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= 3. Then, ftcs FD is gamitl AC, the tri 
Ac will be equal to- ACD, or ABC; and there 
_ CF = BC = x; whence we have EF (= EB — BF) 


- =b— 2x, and EC (= EB 
— D rer 
over by reaſon of the fi- 


CDF, we have, y (AC): 
« (BC): : * ( 12725 
xx 


becauſe of the 
parallel lines AC and FD, 
| it will be, = (FD): b—ax 


Er) : (Ac): 32 — (CE); and conſequently 
. 


. x por bet oa =D x of; 


by 
which equation, by writing * + a*, inſtead of its 
equa} * = = N + a —2x%; 
de we have * + 20% = b, and therefore x = 


PROBLEM XXIX. 


Three lines AO, BO, CO, dre 
points of @ tri to the center 


t 


EZ 


8 


Pp 
2 1 
Riel 


— ” * 2 
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OCB + Oc + OAF will be equal to one 
te agis | bt the wwe former of chaſes OCD. + | 
OBC, is equal to the external angle QOB ; therefore 
QOB + OAF = a right-angle = QDB + OBQ, 


aa 
and BC* (= GO® + BO® + 2CO x OQ) = + 
4 ==. But BC* : B:: OC® : Ok-; that ie 
Þ | 2bex _ OP — * 
— : — From 
r a + 2bcx 
SSH x ; which, ö 
7 424312 e 


n 
ir as OC and OB, be ſup- 
poſed equal, the reſult be more ſimple : fs, by 


. 8 

writing ö for e in the equation ax* x ab* + ac” + 2er 
= „ @— x, &c. we tihall have abr * 24 + 2x' 

= * « Pw GE * @ + a, gives 


208 =8 "x7 —7; whence * + = = #57, and 
: V+ + b* ** — bo — 
7= T Tas 4a 2 7 E. 


* 
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- From the fame equations the problem may be re- 
ſolved, when the diſtances from the three 

points to the circumference of the inſcribed circle are 
given: for, denoting the ſaid diſtances by 5, g, and þ, 
you will have AO = x + f, BO=#x + g. and CO=x 
+ 53; which values being wrote in the room of a, 5, 
and c, there will ariſe an equation of ſix dimenſions: © 
by means whereof x may be found. 


PROBLEM XXX. 

To draw a line NM to touch a circle D, given in mag- 
nitude and poſition, ſo that the part thereof AC, intercepted 
s be BL, given in ſhall be of a 
| Suppoſe CP and DE to be perpendicular to AB, and 
DF and DG to AC and PC, reſpectively; and let DA, 
DC, and. DP be drawn; putting DE = a, DF = 3, 
AC =, BE =4, PC, PA = y, and the tan- 


* 


N 
| 
| 
N N 3 N » ; 
m2 of the given angle BCP, to the radius 1, = z. 
g __y trigonometry, 1: f: : 4: t = BP; there- 
fore (= PE) = d— tx; which, multiplied by 


| IPC, or 2, gives =, for the area of the tri. 
39 angle CDP : in like manner the area of the triangle 
3 PDA will be found = 2; and that of ADC = E; 
| AVC = 2 
FF which three, added together, are equal to the whole area 
A „ dx — fr ay bc 
ACP ; that is, 12712 25 and conſe- 


2 


* e 


- 3 
| | 
- 
1 
| 
L 
- - 
- 
. v 1 
p « 
* 


— 
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| quently be + ds — — tx* = xy — oy. Let both fides 
this equation be ſquared, and you will have 


CEE ED = ad nf Eras 
7 that is, % + 2bcds — 2bctx* + d*x* — 2dtz* 

+ - + 2055 — Ox + ix —200x + a1 
whence 17 x x*—7a+ 24 X **+a* —f+d*—2ba 
x * + 1. + 22 * * = o: from which 


T the point B will 


coincide with P; and therefore t in this caſe beit 
So, the equation will become x*— 2 u U 
X x* + e + Ad x 4 no. 


"When the circle touches the right-line AB, „ will | 


then be equal to 5. and, in that cafe, the equation 
willder + +1 Xx x* —- 2a + X * 42 — +d4* — 2act 
X x + 2ac* + 2acd = ©, becauſe the two laſt terms 
— &c* + e deſtroying each other, the whole may, 
here, be divided by x. 

Laftly, if & be = ©, or the line AC, inſtead of 
touching a circle, be required to paſs through a given 
point, the equation will then become 1 F x xf — 


Shan XXXI. 


ler Q perpendicular to AF, and the given rigbhe- 
f (50) #0 be 2. into five equal ports, in the 
1 and E; to find a point P in the perpendi- 
—_ „from which, 5 free right-lines be drawn to the 

D, E, and 1 un of the outermoſt PF +. 


2+ 2X5" + —* N r- O. 


re, ern , 


"BEM want Ws 3.1 = V 
CP S + x}, &c.and conſequently, V Too + x* 
+ 1 + i © Vgoo + x* — V 1600 + x* — 


v4 : \ 


* N 
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V2500 + 


* = ©. ow, by reßlecting little on 

—_— bY ive that 
- * uſt be 

| , ſee- 
n= 


1 


TS 


8 i 
and therefore I write 30 x3 
all the powers of „above the firſt, as incon 
our equation ſtands thus, VToo0 + Goe + 1300 + Boe + 
- +V 1800+ 5 — y/2500 + boe —V 3490+boe=03 
which, by the method explained in page 174, will be 


transformed to „1888 + = + To + 
2 + v1i800 + LEG RE — 50 — 6. 


| e this, contracted, 


ives 1.8 + 1.3 r 128 
dea, nearly. Let, now, 28. 7 be 
= Xx; vw. bo proceeding as above, _ we al 
haye N N r Yen 

x = 28.6942 ; which is true to the laſt figure. 


PROBLEM xx. 


Fs gant, AB + BC ++ AC, and the 
cular CP a triangle ABC whoſe fides are in harmonic 


proportion (AB : BC: : AB - AC: 22 
given ; to determine the triangle. ** 


— 


W 2 


to Gonk TRIC AL PROBLEMS. 


one; and let ab = 1, be = x, ac =, CP = 4, and 
AB + BC + AC = 6: then, half the ſum of the three 


fides of the triangle abc being , if from the 


ſame, each particular fide be ſubtracted, and all the re- 
C 


1 r 


mainders be multiplĩied continually together, and that 
product, again, by the ſaid half ſum, we ſhall have © 
1+ x—=y I+y—x y+xa—r I+x+y 
3 " 2 Yy ann 2 
-r Kreer (he ra 092 
which, as the baſe is unity, alſo expreſſes I of the ſquare 
of the perpendicular. But the · ſquares of 2 ä 
as well as the ſides of ſimilar triangles, are propor- 
tional, &c. and therefore 1 + x T5“: *:: 

I + x—y * 1— T Xx y+x—1 Xx 1+x+y 
mmm | 7 * : a; 
whence we have 4 KI +x+y = 1 + x—JxI—x+y 
XxX y + x—1 x bb: but the fides AB, AC, and BC, be- 
ing given in harmonic proportion, therefore 1, y, and x, 
muſt likewiſe be in the ſame proportion; that is, 1: x 
:: 1—y : „ — ; Whence y—#x = x=— xy, and there. 
| 2x . . 4 
fore y = __—_ which, ſubſtituted "above, gives 


I | 

46x 1+ 4+ x 1 
© 7 3 I+x i +x SIE 

xÞ, or 4a 1 TAT TK x I TAI = 1+x*x 1+2x—x* 

x 2x TIN; from which x will de found, pn 
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| alloy (==>); and from thence the required fides | 
af the ſimilar figure ABC, 2 be lie- 


wiſe known. 
P ROB L E M XXXII. | 
Fj — be three equi-different arches, AB, AC, ow AD; 
o/ing the fine and co-ſine of the man AC, of the 


45 A and of the common di prince BC (or 
CD) eto — it is propoſed to find the fine and co-ſine 

greater extreme AD. 

; the radius AO let fall the perpendiculars Bb, 
Cc, ; nd Dy join B, D, and from the center O, let 


the radius O be drawn, cutting BD in : alſo draw 
_ 2 to Oc, v 

g A0 in R: c 
— ES of Bo TL ' 


ſimilar triangles OCc | 
and OnR, it will be, B 

OC: O:: Ce: R; 
and, OC: : On: : Oc: 2 
OR: whence we have A# R. , 


R E. and OR =: but, fince BC is 


equal to CD (and therefore Bu equal to Du), AR will, 


it is plain, be an chmee mean between Bk and Da, 
and fo is equal to half their ſum, or or ==: and, for 


Os + 0 
the very ſame reaſon, OR will be equal to 2 


| Bb + Dd _ Cc x On Oz +Od __ 
confoquently - 2 * * 2 


Oc x On Cc x 20 


Ocx 20s 
7 


— O56; which, if the radius OC be ſuppoſed 


unity, will become Dd = Cc x 20 —Bb; and Od = 
Oc x 20 —+O65- from whence we have the two fol- 
lowing theorems. 

Theor, 
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Theor. 1. If the- the mean, any three equi- 
di _ —— 2k being — 
plied by twice the co-ſine of the common difference, and 
Lhe produg, the fin: of either extreme be ſubtrafted, the 
remainder will be the fine of the other extfeme. 

Theor. 2. And if the co-fme of the mean of three equi- 
different arches be . gte Ly twice the co-fine of the com · 
mon difference, and the co- of either extreme be ſub- 
tracted from the product, the remainder will be the co-ſine 


* \ 


4 eee XXXIV. > 
r the 


„ = AER 
co- radius being unity. 
| IT Eg rs ce 


2A, we ſhall, by the firſt of the 
theorems, have 


| 
J 
Par 


f 


Y 
2331 


Fins 

8 8 8 
> 

U 


| 
1 
i 
Y 


N 


of 
of 4A - 24 = x*— 2x5* 


| 
& 1 


7 


. 


= xp — + | 
Fr 16m * A —4 9 
= xy" — 50 ˙ + 


of the multiple-arch =A, 


when > hace any-whole poſitive number, whatever, 
will be truly expreſſed by x x into this ſeries 


ec. Moreover, from the ſecond theorem, we have, 
Co-ſine of 2 = co- ſine of Axy—co-ſine of 0 = = 


L—3) = =, 


Co-line 
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Co-ſine of 3A (= co-fine of 2A . = 
L —5—L) A, 

Co-fine of 4A (= wan oa xo lect 
T-. —L=) * 0 * 22 


whence, univerſally, the co-fine pf the audipi>ccid 
A will be truly repreſented by L — = + 


SS n— 2 2 


1t. Sine of 3A = "I 4x* 3 | © 

2d. Sine of 5A = $x— 208% + 1623. — 
3d. Sine of FA = 7x— 5$6x*+ 1124 — 64; 

4th. Sine of gA = CR IO Rn” Lesbe, 


Co 


And, gener if the multiple-arch be denoted "WM 
„A, then the ne thereof will be truly repreſented by © 
w—_— — * X ee | 

1 2:3: e 
* — t 1-9 * 5 — n= Mo 2 — 
23 3-4 r 
—25 „ . Lg. : 

b.,7 7 x 2 x » Se. 


: 24 SZ 
6 Xx * Oc. = 5: from the ſolution of which equa» 


tion the value of x will be known. Hence, alſo, we 
have an equation for finding the fide of a po- 
lygon inſcribed in a circle: for, ſeeing the ſine of any 
arch is equal to half the chord of double that arch, let 
tv and $w be wrote above for x and reſpectively, and 


phery, its chord (w) will be nothing, and then the equa- 
tion, by dividing the whole by wv, wi 
nr of n „ 
* as 4 « 4+ 5 T6 23.3 
PS 1 2 
E 17, Bak ret aber ad abt 
ber of ſides, and v the fide of the polygon. - 


Ir. ſeries, that given by Sir face” 
Newton, in Phil. N 45 14 
tiſe, may alſo be eaſily derived. For, if the arch A and 
its fine x be taken indefinitely ſmall; they will be to 
one another in the ratio of equality, indefinitely near, by 
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what has been proved at p. 246; in which caſe, the 
Re ii 5, will ecome 


great, ſo 
dle re nA — to any given 


ſquares of the odd numbers, 2, 3, 5, Cc. in - 
the factors n*—1, n*—9, n*—25, &c. may be rej 


as nothing, or inconſiderable, in reſpect of »* ; then 
W. . 

the focrgoing fries will become wt — Ta 22 
nA? | | 
—_ TS 7 V% wherein, if for #A, its equal 


=, be ſubſtituted, we hall then have = — 2 + 


. = ne S 
22 which is the fine 


2+3- 
lata eee fine e e 
X 2 ſolution of cubic, and 
higher equations, included in this form, 
. —2 


— * 
2 3" 
ee Sc. . 


For, if x be put = 14/=, the equation will be tranſ- 


formed to Dr x into this ſeries 

Abe 
= 2 3 

Sc. = f, and conſequently 2 2 +5 x 


* 
© 
* 
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2222 „Ae 


7 


whence, as dd hon that the former part of. 
the equation (and therefore its equal) co 
ſine of x times the arch whoſe co-ſine is 4 we have the 
following rule. ; 

Find, from the tables, the arch whoſe natuyal co-fine s 


Tl its og. co fine = bog. If — = l. Z) the radius 
ml. LF | | 
being unity ; take the mh part of that arch, and find its 
co-fne, which multigh by 2 V2, and the produdt wil be 
the true value of x, in the propoſed equation 2" -] 
+= X fx — = 
Thus, let it be required to find the value of 2, in the 
cubie equation 2 — 432zz = 1728; then, we ſhall 
” = 43%, and f = 1728; conſequently 
I 3 


1. 
2 


thereto. = 60*; whence the co-ſine of (20®) + thereof 
will be found .9396926 z and. this, multi ied by 24 


beſides this, the equation has two other roots, both 
which hole of wept „e 
„ ſince 0,5 i only the co-fine 


22 77 2. nnd - 
— LE — from 


Xt 

a a Pa: mod we have DF E . 
But, by trigonometry, EF : DF : : rad. : tang. DEF, 
that is, V= — . Whence 
nn * 72 = x FD; when 
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rr 


VE TORE X n 


. = a, and 7 —— then it 
re Therefore find, from the tables, 
the arch whoſe co-ſine is <= (the radius being 

jav Ja 


unity) ; take + thereof, Ip. 14 4. o which, 
* gives the true value of & (ee the 
Ae, or examgle, et the radius OB (=?) = i, 


| , whoſe t [t 
and the given angle CD 4.9.4 23188, and if = 


logs 4s — 
a 


8928 
Now, 2 


- Togo = — docagyed = log: 


TA 


. re — 


le -9495% | 


| the locus of the vertex E of x 
baſe AB be biſected in O, and the any 


Let the baſe 
ſio conſtituted as to exceed its ſup t AO 
zven difference of EAB and EBA; and let ED, 


perpendicular, and EPE — to 
2 angle BCE | (BOD) as much 


* 


"HS 
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ACE, as CAE exceeds CBE, it is evident that the fum 


of the two angles BCE, CBE, of the triangle 
| is equal to the ſum 
' TL | of two 8 


* 


N 


F. - 


= 


_ l 


.B 4 _ Zn : : 2Q/ 
wherefore OD x DE is = OQ x 1 
re- 


known. of h 
PROBLEM XXXVIL 
To find the ſolidity of a conical ungula BFCB, cut off - 
by a plane BRFSB paſſing through one extremity of 
« plan BY my of 


Let EPF be parallel to the baſe-diameter BC, cut- 

ting AD the axis of the cone in P; 1 .* As be per- 

0 pendicular to BF ; join P. , and let RS be the conju- 

axis of the elliptical ſection BRFSB : then the 

ABF, above the ſaid ſection, being an oblique el- 
beleben ies diger will de by 7554 'x 
SR x BF NH, chats, by the area of its baſe BRFSB 
: 8 4 drawn 


7 
to 

— fe. APP and AnF bein both right- angles, —— 4 
f AF, will paſs cen - > ted on the dame: 2 
ter i rou 3 

* (BFC) WAP anal a AF as AFP (FCB) and AzP, 


2: An; 
BF x An =BCx AP: this value being ſubſtituted above, 
the content of the part ABF becomes SR x BC x AP x 


«2618: which, becauſe SR is known to be = BC NEF, 


1 225 reduced to BC EX ans * . 2618. ; 
traced from, * X 1 content 
of the whole cone ABC, leaves | 


BOX A — Be x AP xVBCTEF x .2618for the 
required ſolidity of the agu BCF; which, becayſe - 


DP P x BF 
Ef NEF vil ver. 
duced to OE pn x .2618DP x BC. 


Ma: PR O- 


= 


3 
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PROBLEM xxxvm. 


22 and B be two wnight, god 3 
£ ago rt, 72 ee 
to horiz« 
E ee . either way TT 
Ne to ths thread, in th 


rages} 3 og 


. and B in — 


Let PR (= p) be denoted by 2, and Re (the 
diſtance ſought) ie ag ow 


Q . 


A R 
preſented by V + x*. Iota”  capghd 
forces, it will be, as Va" + Y (Pn): x (Rn) : 
. whole force of the weight A in the os 
—= its force in the direQion R, whereby it es- 


deavours to raiſe the weight C ; which quantity alſo 
. expreſſes the force of the weight B in the ſame direc- 
tion : but the ſum of theſe two forces, fince the hts 


are oppoſed 1 reſt in cquilbio, mult be equal 19 that 
of the C; thati -= C whence we 
nnen 

hw rhe C's" + C's", and conſequently x» = 


„ R o- 


— 


Q: now the ion is ts fo the þ hin of 
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PROBLEM XXXIX. 


To determine the poſition of an inclined plane AE, along 
. ; . g 


by 


be & the 


refers 
e 


r* 


19 


) | 
7 : (OE) AO; whence, by 
plying extremes and means, AB x AO = AQ x 
AB + AQ x AQ; therefore AB x 40 00 
S AQ AB, and A0 (OE) = - 2 from which 
BE and AE are alſo given. 1 

D Goo 

as above rawn 
cular to BP, and 


the angle OAQ be biſeQed by AE, 
: becauſe, OE Being drawn. F 
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PROBLEM XL. 
A ray 0 fight, 8 point P in the oxis AP 
1 5 ace, is 1 
in that that lee, to Jud the pot where the reflected ray 
meets axis. 


Draw EQ 


perpendicular to AP, ad ney is ctr 


wn b, CP 


PC (c) : CD () :: PE 
222... — 3 alſo, for the ſame reaſon, we 


e 


r 
xXx +(+2M__. = &; which, reduced, gives 


c 
« = ſhewing how far from the center the 
ray cuts the axis. _— ONT 
| infinitely remote, ſo that the ray PE 

as parallel to the axis AP, the expreſſion will be 
mor facie; fir an in the diviſor, may be rejected 


as nothing in compariſon of 2bc ; that being done, CD 

or x becomes = 25 ; which, therefore, if E be taken 

l Za, very nearly. | 
PROBLEM XII. 


wy ration at a given lens 
Let MN be the efron hes, —— 


the 
and continuation thereof be 
direction of the ſame ray, after the 
E, be Ea; and, after it is refracted a 
nd time, at e, let its direction be 3H; draw CE 


py 
Z 
T 
» F 


2 


I 


rr 
8 
4 


54 


ſhall have, as d 
—4=2 = ox; which added to Co (p) gives 


Ct: therefore n: ©EEDD., 


= C2. Moreover, b,Ob): x (BE): : 


b + c (oc | cn; whence Ra (= CR 


373 The Arrrieariou bf Alea 
— ro. —m—xx*b+c cx de 

C3 (=R3——RC) == — —_ 

Let x be now taken = o, and then C3 will become 

2 dich let be repreſented by C3, and draw Br, pro- 

tas till it meets 43, produced, in H: then 


255 g3 being (= Cg — C3) . 


and the triangles H3g and HEB equiangular, it will 


— 1 
be, as (EB — —83)—= — „ 7 (Be) er: 
EB) x: BH 22 = the requir- 
(EB) m—nxb+cxd— nic NY 
ed. diſtance ace fs atria! © $5.2 


(BC) : 7 (Ce): : BH (or BF) : FH = 2 = 


= HF magnitude 
—_—_—( 9 * 


Ge aig os — 
; COROL. 1. 


Becauſe the values of BH and HF are alike affected 
þ and c, it follows that bath the diftance and mag- 
nitude af the image will remain unaltered, if the place 
of the lens be the * 


towards the object. 

COROL. 2. 
If 4 be made infinite, or the diſtance of the object 
from the lens be ſuppoſed indefinitely great, BF will be- 


. l 
— 


tance, at which the parallel rays unite, and this diſ- 
tance, when doth Sdev of the lone have the fame com- 


= vexity, or þ is = c, will become = : but In 
- ne 

# plane-comven, where b is infinite, , 

| and 


” 


to GzourTrICar POEM. 214 - 
and, in a meniſcus, where þ is negative, or one ſurface 
| . = = 
other it will be . 


otherwiſe, ? 
——— 


alſs for the thick- 


angles, Ca (e): E (x): : CD (c+4) : DS = 
and, by the law of refraftion, m: :: DS: 8. = 


LAS” — : whence Ds (= DS — 80 = 


u 
ol SAEED, ot (wv) = 
A 6 
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E. lg = 2, and g = r—r, 
| Now, ws : Ev (BD): . aQ (BQ;) that is, 


* Gt 422222 : == =- BQ; which is 
jor from dewde, | 
Again, in the very ſame manner, Oc (): & (5): : 


OF (b +=): FR EA, and m:: FRz 


yXb+2z 


: from which ſub- 


cd 
equation, viz. ——7; =o” Lao 


hue of x, by making the given quantity # + 5 = 


WT . 


= 


But, if you had rather have the 


| ſame in original terms, it is but ſubſtituting for g; w whence, 


be + rbt x7e— gd 
after reduction, 2 — — b 
qd x b + e—rbc + N 

which, by reſtoring # and n, becomes 
—  mnhbcd + nbt x nce—m—n xd 
— — — — — 
m—n x md x b + c—mnbc + m—nxtxnc—m—nxd 

where, if t be taken = ©, we ſhall have 

' nhcd | 
—— —ß— — x 
m—xXdxXb+c—nbc 
found by the preceding method. 


1 = „ the very ſame as was 


APPEN- 


ang te na TI — 
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APPENDIX: 


CONTAINING THE 


CONSTRUCTION 


Oo * 
GEOMETRICAL PROBLEMS, 


. WITH * 


The Manner of reſolving the fame 
| numerically. 


. 
— AF 4 _ 12 3 1 


PROBLEM I. 
The baſe, the ſum of the two ſiden and the angle at 
res of ax ler Hl dey vs to dſerite th 


CONSTRUCTION. 


RAW the infeboice' right-line AE, in which 
22 


4 
The Consrxverion of © 
DEMONSTRATION. 
Becauſe the BCD and CBD are equal, 
fore is CD = DB (Fuc.6. Ph AN 


QE. 


Method of cokeulation, 
triangle ABC are given the two fides AB, AC, 
and the angle ABC, whence the angle A-is known ; 
— 4 whe et bes the be: given all the angles, 
whence the fides AD and DC will 


316 


bn 


eas CEN: II. 


The angle at the vertex, the and the difference of the 
ans PTTL 1. * 
CONSTRUCTION. 

Draw AC at pleaſure, in which take AD equal to 
the difference of the 

C and make the angle CDB 

ual to the co s 

balf the given angle to 

a right angle ; then from 

the point A draw AB e- 

ado - vt 3 ſo 

as to meet 

make the Ae bB 2 = 

— CDB, then will ABC be 

A es... the triangle required, | 
DEMONSTRATION. | 

Since (by con/iruftion) the angles CDB and DBC are 

equal, CB is equal to CD, and therefare.CA —CB = 

AD : moreover, each of thoſe equal angles being eq ual 

to the complement of half-the given angle, ea. Joy my 

which is the ſupplement of the angle C, muſt —ͤ— 

be equal to two ht angles — the (whole) given angle, 
and couſequently = the given angle. QE. _ 

In th wage ABD rs given the fs AB, AD; 


f 3 . ELM BR 
AF 7 EE 
5 oe” KEE 
S 3818 5 
9 8 1 - 


| and jul 


parallel 


and NE, GC; thence is DE 
CD 


BC and AC. 
"PROBLEM m. 
CE: : CA; CB 


to CG, and ED to BA 


de the triangle which was to 


DEMNSTRATION. 


- Recauſe of the 


GromeTaICat Prong. 
ho angle ADB, whence th ng A will be gre, 


take FG 


1 
F 
if the difference of 
= AF 
to the difference of the 


given 
laſtly, 

EA 
CD 


i if 


and lp 


angled, whence the other fides will be 
PROBLEM IV. 

The angle at the and the | of the baſe, made 
1 % enggd 

& — aal, being given, 

CONSTRUCTION. 


ſcribe the circle BGA 
2 draw DC I 


70 


* 


| Hatt 


DEMONSTRATION. 


The angle AC, at the peri * 
arch A is equal to EOB, half the angle at the cen- 
ter, ſtanding the ſame arch; but EBO is equal 


to the difference of the gi ud a righ 
oe eee 


given. Q. E., D. 
Draw CFG paralleł to AB; then it will be, as the 
daſe AR : to the difference. of ſegments CG (208): 
r EOB): 
- 0 , to 


% # 


-. 


TENETS 11 5 
Rk ti i a 1 Ty 
| 2 #57 34 : 11 S 2857188 N 
188 * 31 | 24425 115 58915 | 
[8153.5 158 EHOSTRREL 
A 11118875 
< J- 922 2 8 24 HSI SEES Tis © 38 

8 HE «Cl — * 32 12882 Ee bf 1143 | 
THREE A HOST 
8 1115 ki: 1188822 12881 
i F ie agus 1411871 : 
12410 3 13245 "$545! 18257 


the cok — 


ting AC in C, and join D, C; 2 


6 


1 Rich 


DEMONSTRATION. 


e 
le 


* 


1 


a 


EBD being 


, and 


K 


Hip 4 „ 


= 8 


8 


843348 


PROBLEM 


1131 : 


1 


the ſum of the i 


at the vertex, 


le 


ag 


The 
profits 


being given; to 


1 


CONSTRUCTION. 


2 


ſegments of the 


oF 
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aerger capable of eee the give 
angle ; draw GC per- | 
pendiculat to AB, 

the periphe- 
ry in 31 join”A, C 
and C, B, and in AC, 


take 
= CB; j B, H, 
and-in H 


— take HD 

equal to the given ſum 

of the fides, draw DE | 
to AB, and A | 

to BC; then will DEF be the triangle required. 


DEMONSTRATION. | 
e l pens ee 
is equal to parallel to C 
therefore is FE = FH (Exc. 4. 6. * — 
FE + FD = HD: „ © pens 
thereſore is the angle DFE = ACB : moreover, the 


ABC, DEF, 
AG GB: 52 „ WED. 2 20 K 
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Y 


| therefore is EO = BO = CO, and conſequently A 


3 


228 3 
tance of OB, de- 

ſcribe the circumfe- 
rence of a circle, cut- 
ting AB produced in 
C, join O, C; then is AOC the triangle ſought. | 


. DEMONSTRATION. - 
Becauſe the angle EBO is = BEO ( 88 


— OC = AE. Furthermore | becaule the angle AOC 
is double to ADC, and ADC = ABE Euc. Carol. 22. 


Q. E. D. 
rn and the 7 
2 N iNN 
a e 
fide AB, whence OB (OC) and OA will be known, 


PROBLEM IX. 
The angle at the vertex, the difference of the including fades, 


and the ratid of the ſegments of the baſe being given, jo d. 
termine the triangle. © 3 


CONSTRUCTION. 


| GroutTRICat PAE. 323 


and B, C; in AC take AP = BC, and draw BP; alſo, 
2 D 1. equal to the given difference of the 
arallel to PB, and ED toBA; then 
DE ee hich 25 bs be bel . 
DEMONSTRATION. 
' The angle DCE is equal to the given angle by con- 
Poli + EQ being parallel to BP, nk by 25. 
and AP = BC, therefore muſt DQ = lems 
and Fi DC —EC = C wm, e 
CG be to cut DE in =, then Eu :: AG 
: GB. QE. D. | 
9 Method of calculation. 
| Let Cm be equal to CE; and let Em be drawn. Te 
will be, as AB is to AG — BG, ſo is the fine of ACB 
to the fine of the difference of CBA and CAB (hy Pro 
4.); then in the triangle DEm will be given 
gles and the fide Dm, whence DE will be given. 


PROBLEM X. 
The angle at the vertex, the perpendicular, and the 
22 of the free. re . 


CONSTRUCTION. -_. 
Draw RS at pleaſure, in which take DE equal to half 
the difference of the ſegments of the baſe, and make 
EC perpendicular to RS and equal to the given per- 


4 
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point p, ſo that »p (when drawn) may be equal to ME; 
draw CO parallel to xp, meeting DO in O; and upon 
O. as a center, with the radius OC, deſcribe the ci 
BCA, cutting RS in B and A; join A, C and B, 
DEMONSTRATION. 
therefore is OC : DO:: pn: , 


AE: ; and conſequently the triangle OBD ſimilar 
to the _—_ #ED (by Euc. 7. 6.) Therefore, ſeeing 


8 
© 
D 
— 
© 


equa 
difference of the ſegments (by conftrudtion). 
. Method of calculatim. © 


the triangle CDE, right-angled at E, are given 
the legs DE and EC, whence the angle EDC will 


Rd. e. Ao then, as the radius 
_ is : 


to the fine of DBO (: : OB: DO:: OC: DO) ſois the 


PROBLEM XI. | 
The angle at the vertex, the perpendicular, and the ratio 
Lu} ems of the baſe being given, ta conſtrufi. the 
CONSTRUCTION. 


Take AF to FB in the 
given ratio of the ſeg- 
ments of the baſe, and 
upon the right-line AB 
deſcribe a ſegment of 2 
circle ACB capable of 
the given angle ; make 
EC perpendicular. to AB 
meeting the circum | 


C 


: ce 
1 5 of the circle in C, in which 


take 


CGeoMgTRICAL' PROBLEMS. 225 


take. CG equal to the given perpendicular ; draw DGE 
parallel to AB, meeting AC and CB in DandE; and 
then DCE will be the 1 required. 


DEMONSTRATION. 
NN N rf AB, it will be 
as AF : DG (:: : CG) :: FB: GE, or AF: 

FP:: DG: GE; 1 
GE are in the ratio given. Alſo the angle DCE and 
perpendicular CG are reſpectively 5 to 
angle and perpendicular by conſtruction. Q. E. D. 
a Method of calculation. 5 
As AB is to AF—BF (ſee Prob. 4.) ſo is 
ACB to the fine of the difference of A and B 
20d & 00 IR en, becauſe their ſum, 
at the vertex, is given: then in the & 
DEC EC, will be geen all the angles and 
* enen 


| PROBLEM XIL 
| The beſo, the fum of the files, and the dffrence 
angles at the baſe being given, to deſcribe the triangle. 
CONSTRUCTION. 


' DEMONSTRATION. 
Eren the center P, with the radius CD, deſerie the 
Y 3 ' femi= 


— — 


* 


% 
- 


% 
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ſemi-circle CHF, nd join F, B. R 
conſtruction the angle CBD is = BCD, therefore is 


DB = DC; whence it appears that AD + DBis = 
AC, and that the ſemi-circle muſt paſs through the 
point B: therefore, the angle CBF, ſtanding in a ſemi- 
circle, being a right angle, and therefore — ABE, let 
FBE, Which is common, be taken away, and there 
will remain ABF = EBC; but DF being equal to DB, 
it is manifeſt that ABF (EBC) is equal to half the dif- 
ference of the angles ABD and DAB. QE.D. 
Methdd of calculation. 
As the ſum of the ſides (AC) Dre 
is the fine of ABC, or of the complement of 
given difference, to the ſine of (C) half the angle at the 
vertex ; whence the other angles BAD and ABD are 
alfo given. | | 


PROBLEM XIII. 

The baſe, n ence of the 

angles at the baſe, being given, to determing the fr — 
CONSTRUCTION. 

At the extremity B of the given baſe AB, th 
angle ABD eq ual ' 
* to half the given 
difference the 
angles at the baſe; 
—_— 
apply AD = 

eh © | draw ADC, 
B A and make the an» 
gle DBC = BDC, and ABC will be the triangle re- 


| DEMONSTRATION. | 
Becauſe the angle DBC is = BDC, CD will be. = 
CB, and AC will exceed BC by AD. "Moreover, fince 
A + ABD = (CDB) CBD 7Euc. 32. 1.) therefore is 
A + 2ABD (= CBD + ABD) = AB and conſe- 
quently ABC —A = 2 equal to the difference 
* Q E. D. J N | 


: 


| quizeJ. 


PROBLEM . XIV. | 

The difference of the angles at the baſe, the ratio of the 
and either the A 2. 2 

ſegments of the Baſe being given, to deſeribe the triangle. 
© __ CONSTRUCTION, 
Draw AC at pleaſure, and make the angle ACD equal 


* 


to the given difference of the angles at the baſe, and 


A + ACD (Exc. 32. 1.) and therefore EA 
whence, by reaſon of the parallel lines AE, GF, 
have GFC—FGC = ACD, alſo FG = A 

AR, and CF: CG :: CE (CD): CA, 


* 


* 


x 
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. — 


Let CA and CD be expreſſed by the numbers exhibit- 
ing the given ratio of the : then in the triangle ACD 


whence the angle CAE (CGF) and CEA (CFG) will 
be given, and from thence the ſides CG and CF. | 
| PROBLEM XV. 
The baſe, the perpendicular, and the difference of the angles 
Nr ON 
: CONSTRUCTION. 


Biſe& the given baſe AB by the perpendicular DFT, 


triangle; draw CEG 


4 | in which cake DE equal to the given height of the 
> 


parallel to AB, and make the 
Ty 5: angle EDH equal 
to the given dif- 
ference of the an - 


DEMONSTRATION. 


__--- Let OG and BC be drawn. By reaſon of the paral- | 


' -lel lines OD and AO, it will be QD (DH): A0 (OG) 
:: ED : EQ; therefore the two triangles EHD, EGO, 
having one angle, E, common, and the fides about po 
other angles D and O proportional, are equiangular 
{ Euc. 7. 6.) and conſequently EOG S EDH. More- 

cover, becauſe DOEF is perpendicular both to AB and 

GC, and AD equal to BD, it is evident that the circlg 
paſſes through the point B, and chat the arches FC, FG, 


as _— 


T 
-4 , 


will de given two ſides and the included angle AC ob; 


8 
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=» wel >. Go engie ANG, BAD, on ; and con- 
that the angle GBC is the di of the 
AG, ABG: bur this Ates CBC is col | 
OG, or EDH (Bac. 29. 3.) that i equal — 
diference given. Q.E.D 

Adbed of calenlotion. 

Firſt, in the ri 11. led triangle AED are 
both the legs AD and D mene b. angle DEA 


be given ; then it will be, as the radius is to the 
them le 8 


from which take GO tbe leſſer angle x the baſe 
| PROBLEM XVI. 


The ſum of the falls, the difference of the of the 
rence of the the given, 
r * * f 


CONSTRUCTION. 
D equal to the ſum of the fides, and the 
E equal to half the difference of the angles 


— the angle CED 

— — 2 
t uts 

AD, with nne e A 


defcribe the AE fot 


"DEMONSTRATION. Ig 

Upon AB let falllthe p Os -- 
Becauſe EQ is = BQ (Ee. 3. 3.) therefore will AQ 
— BQ = AE: alſo, becauſe the angles CED, EDC, 
are equal (by Hi CD will be = CE = * 
S B = AD. _ Moreover, ABC | 


* 
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ADE (a9) OLD. om 
Nr 
In the trĩangle ADE are given the ſides AD, AE, and 
the angle D, whence the angle A will be given; then 
in the triang gle ACE are given al ch an Jes and the file 
AE, whence AC and C (CE) will be given likewiſe. 


PROBLEM XVI, 


The difference of the angles at the ratio of the 
e. the baſe, and either the the 
nt FEE rn SEE 1 


CONSTRUCTION. 


Let AC be to BC in the given ratio of the ſegments 
of the baſe; and upon AB let a ſegment of a circle 
- BPA be be deſcribed (by [by Problem 4) to contain an angle 

ua] to the difference 
o the les at the 
| CP per- 
pendicular to AC » Cut- 
ting the of 
the circle in P, and in 


PB and PD: then, if 
-—D = TE 
E 


h F, a S pe to AD; 
moto OT 
fourth tional PE, to AP PD, AP and the 


faid ſum or difference be * ih. and draw EFG as 
above; then will PEG be the triangle required. 


 DEMONSTRAFION. : 
Since CP is perpendicular to AD, and CD = CB, the 
angle D will be equal to DBP = A + RPA: — — 
becauſe EG is parallel to AD, PGE will be = PEG 
+ BPA „„ 


AC roduced, take CD 4 


reaſon of the parallel lines AD and EG, 


ſame reaſon, AP + PD: PA::PE+PG:PE:: 
ag th or diff. of fides ; PE (by co nſirufion) and 


Ke 2 PE 4 PG = the ſaid given ſum or dif- 


Method of Calculation. 
Firſt, it will be as ABis to AD, ſois the fine of APB 


to the fine of APD (by Prob. 4); then in the triangle 
PGE will be given al the 


pendicular, or the lum or difference ofthe des, whence 
the ſides themſelves are readily determined. 


Note. The perpendicular cutting the circle in two. 


points, W 
ferent ſolutions. 
+ + O B L EM XVII. 


difference 


The di 


of the 


the triangle. 
CONSTRUCTION. 


"—_ the indefinite line AQ, in which take AD 
equal to the given difference of the ſides, and make the 

angle QDH e- Q 
— — 4 

t f 

the differenee of 
the angles at the 
baſe; from A to 
DH apply AC 
2 
ſerence of the 
ſegments; and, 
having produced 


the ſame to L, make the angle DCE equal to CDE, 
and let CE meet AQ in E, and upon the center E, 
with , ef r an arch, cutting 1 B 

n be the triangle ui , 
F EMO N. 


F: FG:: AC: (BC) CD. Likewiſe, for 
and either the per- 


he inde of dhe" Gone 
ir ga, feen d r Ar 


— | 
1 . 
H 
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DEMONSTRATION. 
Upon AB let fall the EP. 
Becauſe the angle DCE = CDE, therefore is -ED 
= EC, , and conſequently AF AE—EB (= AE —EC = 
AE — ED ſo, ſince EB EC, therefore 
will PB = PC, and conſequently AP — BP (AP —PC) 
= AC. Moreover, the angle EBC being = ECB 
{Euc. 5 and ECB — A = CEA (Exc. 32. 1.) it is 
5 at i BC — A 2 to the given differ 
— becauſe the triangle E is ĩſoſeeles, and the 
angle at the baſe equal to the complement of half the 
ic difference, by conſtruction. Q. E. D. 


Method of calculation. 

In the triangle ADC are given two fides and the an 
"ADC, whence the angle A will be known; then in 
triang le ACE will N 7 bb. an gles and the ſide 
AC, whence AE and CE (BE) will alſo become known. 


PROBLEM XIX. 
5 The perpendicular, the difference of the angles at the 
and the el te res te ling om 
conſtrut the triang 
| CONSTRUCTION. 
Upon AQ, equal to the given difference of the 
ments of the baſe, let a ſegment of a circle QA be 


deſcribed, capable of the difference * the angles at the 
> 


| Grlourrntcar, PronLans. © $33 
, ' DEMONSTRATION. _. .- 
Since (by conſfirufion) CP is perpendicular to QB, 
and PB equl to PQ, thence will n 
and B (POC) — BAC = ACQ = difference of angles 
given: alſo, for the ſame reaſon, will CP = TE, and 
AP — BP = AP —PQ=AQ. Q. E. DoD . 
Method of calculation.  _- 
From the center O, conceive OA and OC to be 
drawn : then in the triangle AOT will be given all 
angles and the fide AT, whence OT OE wi 
wen; then it will be as AT: OE : : fine of AOT 


AC): fine of OCE; whence all the angles in 


* 


are gwen. 15 


PROBLEM xx. 


TD. ents of the baſe, and the the 
22 pO ago ay er han | 
CONSTRUCTION. TY 
_ From the greater ſegment AQ, take QF equal to the 
leſſer ſegment BQ; make QL perpendicular to 
— At mak V _ 
ing any angle with 


, cutting the 
R 
D NSTRATION.- FL 
From the center C, with the radius CB, let the circle 
BDLEF be deſcribed; and let AC be produced to meet 
1 By reaſon of the ſimilar triangles 
AEB, AFG, it will be as AE: AB:: AF: AG, 
S wooded breath actos ? 


es, 


— 


* 


© 
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A x AB= AK x AD; therefore is AG „AE = AK 


x AD: whence, as EG and DK are equal, by con- 
ſtruQion, it is evident that AG and AK, as well as AE 
and AD, muſt be equal. 2, E. D. | : 

As AE: AB:: AF: AG; which taken from AE, 
and the remainder divided by 2, gives BC (EH) the 
lefler fide of the triangle. e 


PROBLEM XXI. 


The ſegments of the baſe and the difference of the fides © 
being given, 1 triangle. ä 
CONSTRUCTION. 

Take AF equal to the difference of the given 
ments AQ, BQ, (fee the jonny figure) and draw 
making any angle with AB at pleaſure, in which take 
AG equal to the given difference of the ſides; join F, G, 
Br ar the Giflance of E ir deſcribe 20g, cutting the 

at iſtance cribe »Cm, cutting the 

| ukar OL in G; join E, B and C. A, e vil 

Ac; be the triangle that was to be conſtructed. The 

demonſtration of which is fo verylittle different from the 
precedent, that it would be needleſs to give it here. 
L E M M A. "a 

14 a given right-line AB be divided in any given ratio, 
at C, and the right-line CBO be taken to AC in the ratio 
of BC to AC — BC; and from O as a center, at the 
diflance of OC, a circle CPD be deſcribed, and two right- 
lines AP, BP he drawn from A and B, to meet any where 
in the periphery thereof ; I ſay theſe lines will be to one an- 
other (every where) in the given ratio of AC 1 CB. 


For, ſince CO: AC:: BC: AC — BC, therefore 
by compoſition, CO : AO : : BC : AC, and by per- 
mutation, CO: BC : : A0: AC; whence, IN 
viſion, CO: BO: : AO : CO, or PO: BO: : AO: 
PO : wherefore, ſeeing the ſides of the. triangles POB, 
AOP, about the common angle O, are- proportional, 


- 
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thole riangles mult be Gmilar (Euc. 6. 6.) and there- 
fore the other proportional, 


ſides alſo 


(C9): : AO: : BP : AP; whence (by the ſecond jp) 


AC: : BP: AP. Q. E. B. 


— 


PROBLEM XXII. 


The ſegments of the baſe, and the the 
R ood bord ſe, ratio of the fides being 


CONSTRUCTION. 


Let AQ, and QB be the ſegments of the baſe ; and 
ee ECL Ate Con 


ratio of the ſides; | nad 


23 Aub. of calculation. 
Since ratio of AC to C and the 
whole line AB — wage 


be given and conſequently OC (Ac 2-1) from 


1 = whence 


B will ABP be the tri re- 
{uy > ww Daggers Bohr heal 


of the 
are given, thence will AC and CB 


2 13 f 
whence the perpendicular PQ. (= Y is 


likewiſe given. 
PROBLEM XXIII. 


Having the baſe, the perpendicular, and the ratio of the 


files, to deferibe the triangli. 
 .CONSTRUCTION. . _ 
Let the baſe AB be divided at C, in the given ratio 


of the ſides, and let the circle CPD be deſcribed as in 
the laſt problem; 


in OR, 
dicular to AD, 
take On — to 


D rallel-to AD, cut- 


the periphery of the circle in P; join P, A and 


2 and, thro” 
u, draw PaP pa- 


P, and the thing is done. The truth of this is alſo 


evident from the preceding lemma. 
_ Method of calculation. | 
nh 
©, 2 then PO (= AC Ic) will be gen; there- 
| fore, in the triang leOPQ, x 
hehe not only fe AQ nd 0 Qute allo given. 


Note. The paralle PaP cut the cirele in two 
1 >, ths ta di, ren dein of to abe, 


PROBLEM XXIV. 


cular the * 
the triangle. 


CONSTRUCTION. 


35 
: E. | n 


e precedi problem: e hebe 1 


which 


are given OP and PQ, from 


The differ ns frei te pag: | 
＋ of: Pan l dee vet 


4 
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PROBLEM 11 


1 
— 


- 
q ' 4 
© 4 


The ratio of the ts of the baſe, the dicular, 


. _ ,, CONSTRUCTION. = 
Draw any right-line ABC at pleaſure, in which take 
AE to EB in the given ratio of the fides, and AF to 


68 


. 


DEMONSTRATIONR, 
foregoing lemma, AR : BR:: AE: BE; 
Hoy, by zeafon of the pare lines, it will be 
: ; ; RA: RB): : © BE. And, for the 
nn nn Q. E. D. wy 
| BE, AF, BF and CE (= AE) whence RF 


the 


* * 


AE 


is alſo given ; then, in the 
2 B 


. 


3 
——— 
* 


A PROBLEM XxXVI. 


Ty divide a given ABC into two CBF,ABF 
NE * | ; 


._ "CONSTRUCTION... 


Is BA, and CB produced, take BE and BD in the 
gun ratio of Go $f CUP by WE Ts 
* 


Ko *-: the of D 
| CBF] the fine of 
ED(=ABF). Hence 

| the numerical ſolution is 
— alſo evident ; fince it 
will be, as the ſum of 

Bk and BD: is. to their difference, fo a the of 
balf the given angle ACB to the tangent of half the dif- 
ference of the mud required far mM 


E PROBLEM XXVII. 


: T7. divide an angle given into two parts, ſs that their 
tangents may be to each other in a given ratio. 


OY: 741 CONSTRUCTION. 


; Take'any two right lines AD, BD, which are in the 
POM 72 ratio given, ard upon the wböle 
2 compounded line AB let a ſeg- 
ment tof a circle BCA be de- 
- ſcribed, capable' of the angle 
| given ;_ DC 223 
to AB, meeting the peri- 
1 ry in C, and draw AC and 
C, then will ACD and BCD 


RN — D 5 de the two angles required. 
* 3 The 


- 


— Proptgus. 39 
" | Aha e ene ee eee eee eee Bans hs 
conſtruction. The method of ſolution is alſo very eaſy ; 


for it will be,, as AB is to AD—DB, fo is the fine of 


ACE to the fine of B— A A (or Probim 4.) whence B 
and A, and alſo BCD and ACD are given. | 


PROBLEM XXVII. 
To divide a given angle ABC into tu parts, fo that | 


their ſecants may obtain a given ratio. 


CONSTRUCTION. 
Take BE to BT in the given ratio of the ſecants ; 
join T, E, and let BF be drawn perpendicular to 


| Sg n 

ET, and the thing is done. The truth of which is 
manifeſt, from the conſtruQtion. | | 
| Method if calculation. 
The angle EBT and the ratio of the fides BE, and 
BT being given, the angles E and T will alſo be — 


| and conſequently their complements EBF and FB 


PROBLEM XXIX. 
re given ak to draw a right-Jine OF, . 2 
1 given ion, fo that the 
parts thereof, 77 OF, 14 — e 
Uh ines maybe 5 . 
: CONSTRUCTION. , 
| From ©; through A, the point of concourſe of BA 


* 


and CA, rg which wake AD to AO 


2 2 


» 
2 
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in the given ratio of FE to EO, and draw DF parallel 


O 


to AC, nr 
done; as is manifeſt from 


Method 
Since the point O aod 


by poſition, OA and all 

given ; therefore, from the giv 
AD will be given likewiſe ; 
will be given AD and all the 
CAO); whence AF is alſo given. 


PROBLEM XXX. 


| To divide a given arch CD into two 
the reftangle under their fines may be g 


nitude. 
CONSTRUCTION. A 
Upon the 1 OC let fall the perpendicular DF, 


15 Os and the thing is 


uc. 
e 


parts, that 
4 gruen mag- 


in E, draw OB. to bea DE; 2 


de the uired. 
DEMON. 


% 
. 


OT,. PaonLaMs. | 241 | 


" DEMONSTRATION. 


Draw CM, and DNE perpendicular -to the radius 
OB, and Nu and Ez to DF. 
It is evident, by conſtruction, ns 
and DN are ſimilar (becauſe: to CO, 
and ND to CM) therefore OC : CM : : DN : Na 


(= ie), and conſequently CM » DN = OC NIE. 
* 


nin Tn One 


N FI will be given, „ the 
co-ſine of CD, oy prog) ay (OT) of CE, the dif- 
ference of the two parts ; whence the parts themſelves 
will be known, _ 


| PROBLEM XXXT. 
Having the ratio of the fines, and the ratio of the tan- 
gents of two. angles, SHADE Take 7 


| CONSTRUCTION. 
Let AD be to ED in the given ratio of the fines, and 


AD to FD in the given ratio of the tangents ; and 


about the center D, with the interval DE, ler the ſemi- 


circle ERK be deſcribed ; and, upen AF, deferide_ an 
other ſemi-ciicle, cutting the former in E, and 


H draw AR, and join H, D z then will DHR and D 
be the two angles required. 
DEMONSTRATION..- 


Jon F, „H, and draw icular to AR. 
AHF, ftanding in a ſemi-cirele, being 


right one, ings FH ad DO are parllh Bx.27- 


OCM, 


h . 


ff 


| circle, two ſubten/ 


- The Colvrnvevidt of _ 


and 1 3 FD: 8 2 ng: of 
DC 5 Re Likewiſe DA : DE (DH) : 
DH: we DAG as was to be ſhewn. | 


| Methed of calculation. 4 
If AR be ſuppoſed to meet the — 


periphery in R, 
RN be drawn lel to HF, meeting AK in N; 
will DN = DF, and AN: AR: : AH ; but 


(by Euc. 37. 3.) AR: AK:: AE: A 
com ing t | 
— ds Da. being fron, * angles A and 271 
As 

will alſo be known. 4 4 


PROBLEM XXXIL 
To draw from a point A in the circumference of a given 


another in wy 22 93 off two 


CONSTRUCTION. 
| Draw the diameter AH, 
65 B and take the fubtenſe AQ, 


in proportion the as 
- 2 


. -BO and CD each equal 
| " gy E 


DEMONSTRATION, _ 
2 H, Q, and draw BE and CF perpendicular to 


"The angle AOB (QAH) at the center, ſtanding 


on the arch AB, is equal to the angle BAD at the cir- 


—— — upon double eat arch * therefore, 
AQH bei . B or a right angle (Exc. 31. 3.) 
the — 4 AQH, AF 5 muſt be equiangular, and 


Ty AS: 3 BIO W 


DF = AE, and 


; == x AO; whence AD is all given. 


derben, AH: A 


2 1 — m, or 


m: Bur Kiba 


2 m2 9m - ou iis ts: AE 
E : ; 2m; 2n——2m; thars- 
tion) AB: AB + 2AE (:: 
R CD, EFis =BC'=A 
745 = + AB. Hence AB: AD, 


:m:n Q. E. 
1 77 n F aur 
Let AP be icular to OB; then, becauſe of 
the fimilar triangles OAP, Al, it will be as 40: 
OP (:: AH: AQ): : 2m: 2— (by confiruttion) 
== x AO 


- therefore OP = — "Im > BP = AO o 


De. py A (VIROTED) = 


PROBLEM. xXXII. 


The area an! bypothenuſe of any r 


angle being given, to deſcribe the triangle, 

CQNSTRUCTION. - 2201, a 

Upon the given hypothenuſe r 

Ge eic Ac be deſcribed, and upon 8 
Der 9 ) conflitute we e bog 


8 


| 2111 


DEMONSTRATION. ROB 
a the whole diameter 


Zuc. 41. 1.) which laſt (v 
area given. 


Join O, c. and Et ED be perpendicular to AB 
Fr N RT "AO „ DE 
(:: OC: DC): : fine of z which, in 
LE rd * 

As the ſquare 


. 


B 
Upon AB let a ſemi-circle be deſcribed maks ACD 
D E | 
1 "2 WS w 
G F B 


G 
take FG = FB, and draw AG; fo Wal AF de the 
triangle required, | 
DEMONSTRATION. 

It is evident that AF + FG = AB; and alfo that the | 
js 2 area 


Orrs PuoenH s. 34s 
AF x FG = JAF x FB = $FE* (zz / 
= PQ. QE. D. 1 
F 
, wi ren La = 

EF\* (= 2200) whence CF (= VIAF —aF@) 
will de known, and, from thence, both AF and FG. | 
; LEMMA. | 


| area AFG = 
JDH*) iC 


* 
- 
. 


14 


DEMONSTRATION. 
In the propoſed triangle let the circle EGF be in- 
ſcribed, and from the center D, to the angular points 


right-lines DA, DB, DC, DE, DF, and DG be drawn. 
is plai ſum of the three triangles ADR, 


(AE + CE) will be = AG + CF; whence it 


af * 


2466 


to 
let fi 


The ConerRtucTION of 
appears that- the - is leſs than 
the two legs by BG-+ BF, or twice the radius 


inſcribed circle, and therefore leſs than half the peri- 
=. Jon tm] DG: whence the propo- 


7 PROBLEM XXXV. 
The perimeter and area 0 „ ö 
n I 

CONSTRUCTION. 


| Make AB equal to the given perimeter, which biſect 
in C, and upon AC let a rectangle ACDE be con- 
ſtituted equal to the given area ; take CF = CD 


. 

and, from F throug iD, draw the indefinite line FH, 

which, from B, ads BI = AF; then, upon AB 
fall the perpendicular IK; ſo ſhall 'BIK 2 the tri- 

angle that was to be conſtructed. _ 


DEMONSTRATION.. 


Since (by fe i) CD is = CF, therefore is IK, 
= FE, and conſequently IK + IB + BK = FK 
+ AF. + BK = AB. 
perimeter AC above the hyothenuſe BI (AF) being = 
CF = CD, it is eyident (from the premiſed lemma) that 


ſtzhe area of the triangle will be = ACDE = the given 


area by conſtruction, w_ D. 
Dividing he area by half the per prey CD (=CF) = CF) 

will be given; then, in the triangle BFI, will 

BF, BI, and the angle F (= 45*); whence the age 

B will allo be known, and from thence BK and BI, 


PRO. 


% 


the exceſs of the half ' 
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PROBLEM : XXXVI. 


To make a right-angled triangle. equal te a given : 
AB. whe fer fell be in He f 
CONSTRUCTION. 


In AB produced, take BE A, and upon AF 


deſcribe the ſemi-circle- AEF, cutting BC produced 


| > | 
inE; take BUST, join F, Q, ads mak 


DEMONSTRATION. 
: B: RE:: 4: 3, therefore 
will 50 ke 2216: I * 


. BE“:: * 
29 (25). N Bari 25: 44 47-1 
— 2 4. Lek, 


rai of the mimbers 2 4, ad f. 8 


, progreſſion. - And, becauſe BQ is = . — 


—ä—ä— 2 — _ = BEXAB = A x. p. 
Method of calculation. | 


. py = , (BEVAE x BF) will be = 


anv7, _— and EQ (ty will de 


likewiſe given. 10 39 
ee . R o. 


— 


\ 
* 
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PROBLEM XXXVIL 
In @ given circle CIHK, to deſcribe three equal circles 
E, F and G, which ſhall touch bur another, and alſo the 
periphery of the given circle. ; | 
CONSTRUCTION. | 
 - From the center © let the right lines CH, CI and 
CE be drawn, _ the peri into three 2K 
parts, in the points H, I and K; join I, K, in 
CK produced take KL = IIK; draw IL, and paral- 


- 


through the points, I, K, 
EmH, and GnK be deſcribed, and the thing is done. 


DEMONSTRATION. 


Draw FE, FG and EG. 

Becauſe (by confirufion) HE, IF, and KG are equal, 
CE, CF, and CG will likewiſe be equal, and FG pa- 
. rallel to IK (by Eac. 2. 6.) and therefore, EF __ 
7 == to IL (by confleufion) the triangles IKL. | 
GE are equiangulary whence, IK being = KI., 

FG is = 2GK ng, (Eu. 4. 6.) whence it is mani- 
F and G touch each other. 10 | 

© 


feſt that the c 
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angles ECE, ECG and FCG, as 
ſides CE, CF, and CG 
equal, EF, FG, and muſt alſo be equal (by Euc. 4.1.) 
and therefore EF or EG = 2Þl or 2 K ; whence it is 
evident that the circles E, F and G allo touch one 
another, But all theſe circles ven circle, 
becauſe they paſs — its 


iphery, and have their centers in © lines joining 
the center C and the points of | 

In the FGK we have ives the an gle FGK 
(150) andthe ratio of. he i ſides 8281 

1) whence the angle FK G will be given; then in 


the triangle FCK will be given all 1 2 W 
fide CK, whence CF and alſo FI will be 
if you had rather have a general theorem for 
Sr ere 


FG in r. Therefore, the an = 
Cr will be = 3CF ; whence [uf hy 47. ny 

Fr (VFT* — Cr*) is = FC x v5, and cherefore Cl 
= FC TFC; conſequently CI: FC: 21 + VR 


whence, by diviſion, CI: nd oh t+V32: VI): v3. 


+ 1:2. 


PROBLEM -XXXVIIL 


ge hu CURB oo al circles 
N i, N and ©, which — wh and 


CONSTRUCTION. 


Let the whole EGH be divided into five 


ual at the F, G, H, and I ( uc. 
+ LE CG, GH und CI; join C. 
ew dv = {GH ; draw PG, 

ae meeting CG in M ; 


coal | 
15 8 8 4 


The demonſtration whereof is evident from the laſt 
= pre: Bal - | name 9 may 6, 8, or 10, 
c. equal cir inſcribed in a given cir to touch 
_— e A 50 
The method of calculation in this, or any other caſe, 
will alſo be the ſame as in the laſt problem ; for in the 
triangle MNH will be given the ratio of NM to NH 
(as 2 to 1) and the included angle MNH equal to 
126% 120, 112%, or 108*, &c. according as the num- 
ber of circles is 5, 6, 8, or 10, &c. from which the angle 
MHN will be given; then in the triangle CMH will be 
given all the angles, and the fide CH, to find CM. 


PROBLEM XXXIX, 

The perimeter of a right-angled triangle, whoſe fides 
are in geometrical progreſſion,. being given, to deſcribe the 
triangle. . - 5 
| CONSTRUCTION. | 
Upon AC, equal to the given perimeter, deſcribe the 
ſemi-circle ABC, and let AC be divided in D, ac- 
cording to extreme and mean proportion; make 


perpendicular to AC, meeting the periphery of the | 
cir 


* 


GeoMETRICAL Adis. | 3ST 
having joined A, B and C, B. let 


in F and ; then will EFG be the triangle that was 
conſtrudted. 


j ? 


- 


DEMONSTRATION. 
Since (by conflruftion AC: AD: : AD: DC, there- 


fore is ACg: AC NA AC x AD; AC x DC ( 
Euc. 1.6.)or ACg: ABg: HA] (ty Cor. to Euc. 
6.) and mady AC : 808 


r — uiangular, — FE 

E: EG. Alſo EF is =-AF, becauſe the angle 
FEA = EAB) = FAE; and in the very fame man- 
ner is EG = GC; therefore EF + FG + EG (= AF 


+ FG + GC) = AC. "Moreover the angle FEG 
(=ABC) ee th: 31. 3. SED. 


eh, 


| Becauſe (ly infirufties) AD (= —ZAC) = 


AC x V 3 e = ac 
A — 4, and BC*(/AT* CD ="AD) = 
* 


V3 — 2: but, by "reaſon of the ſimilar tri- 
(Fe ABC, FEG, it will be as AC + AB + BC 
G4FES+ES) AC:: AC: FG:: AB: FE 


: BC 2 EG ; or VT — {+ þ + VE 13 


AC.: FG : : AB: FE; : BC: EG; whence FG, 
FE, and EG ate given. $2.1 4.2 


PRO. 
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 - "PROBLEM XI. 
| Toe draw e right-line PQ. to touch two circles C and O 
-” CONSTRUCTION, 

Upon the line CO, joining the centers of the gi 
circtes; deſcribe the {emi-cirele CDO, in which infer 
CD equal to the difference of the ſemi-diameters CF and 

"Q | 


OE ; and from the poi B. where CD jroduced meets 
PB perpendicular to CB ; then 
the circles. 3 
ONSTRATION. 
| di to 


Jy 
angled triangle CDO are both given, the angleg DCO 
and AOC, determining the points of contact B and A, 
are from thence given, at one operation 
But if it be required to draw a right-line (ab) to 


rr 


knd Ot then, jnftead. of taking CD equal to the di- 
ESSE 

to their ſum, | fs wi 

exatily the ſacks. ” Pac 
PROBLEM XII. | 
Td draw a rigbi- line AD through two circles GAEF, 


* 1 


HCSR, given in magnitude and poſition, fo as to cut off _ 
9 ä 


ſegmentt thereof, AK BM, CT Ds, re 
rao goes fe, EQPs, SPRL, 
CONSTRUCTION. 

Upon the ſubtenſes EF, SR; from the centers G and 
H, let fall the perpendiculars GQ. and HP; and from 


- Join A, P, and biſc& the angle BAC, with the right- - 
line AK; and; from any point ( in at hve, Tranf QT 
FOR ; , ; 2 per- 


LL 
* 


1 
, 
| 
| % ' - 
| 5 
* 


* 34 Tube Convravcrion of | | 


1 5 perpendicular to AC ; then, from 


| 
| 
| 
\ 
: 
| 
| 
| 


- — ä — 5 
* — —— . — — _- — a 
* 
* g 
* 
* 


— — — 


1 


and the fide AP, whence AO and PO will be given. 
- wh" ne 2 | . Otherwiſe. — ug * Moes 


Q AP, draw Q$ 


* = QT; draw likewiſe PO parallel ts SQ, meeting 


* 
: 1 
- 


3 


| 


1. * 

— * 
i " N 

8 

- $ =, 


TIS] 


Fagn 
iv Fo, 
4 


3. 
] 


— PronLEMs. | $55 


by : OA) :: : the fine of OAP : fine of OPA; then, 
the triangle AOP will be given all the an 

AP, whente the other fides AQ and U 2 
Foy and 


PROBLEM, XL: . 


Te deſerit the cipcumſerence a circle thro 1 
„G, to touch a right-line AB, gruen Poſition. | 
| CONSTRUCTION. 


Draa DG; ind bill the fame bythe nada. 


DEMONSTRATION. 


Ti > bens of keen be ie 

jj; hen becauſe of alle} lines, it wi 
4.444 CH) :: FP: HT; whetefore; 
as FS — 3Þ we equal, the conſe- 
quents HD and HT muſt likewiſe be equal; and tiere - 

Pre ince HT is perpendicular to AB, the circumfer- 
ence of the circle will touch AB in T; and it will alſo 
28 the point G, beciuſe the two triangles 
FH, GFH, having ing two Eder and the included angles 


ET 3 RX | 
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then it will be, as the fine of FCA (TCH) : radius 
(:: TH: CH:: DH: CH): : che ſine of HCD: the 
fine CDH; therefore in the triangle HCD there will 
be given all the angles and the fide CD, whence CH 
and HD will be known. |; 

. PROBLEM XLIV. 
Having given AB, and alſo AD and BG, 
to AB; to find a point T in AB, to which of . rigbi- 
lines DT, GT be drawn, the angle DTG, formed ly 


* 


thoſe lines, ſhall be the greateſt poſſible. | 
CONSTRUCTION. 
Deferida, by the Ut cardio, 6 cptle BON, that | 
ſhall paſs through G and D and touch AB,, and the 
point of contact T will be the point required. 
DEMONSTRATION. 
in G, T and D, T; and from any other point 
ara + " Rin the line AB, draw RG 
and RD; alſo, from the 
point Q where GR cuts the 
circle, draw QD : then, the 
angle GQD, - being exter- 
| nal with regard 'to the tri- 
angle DR, will be greater 
t than GRD ; therefore GTD, 


| with GO, will be alfo great- 
AR PTB er dan GRD. & E. D. 


Draw DE parallel to AB; then in the triangle G DE 
will be given DE, EG (= BG — AD) and the right- 

angle DEG, whence the other angles EDG, EGD, 
and the fide DG will be found; then in the triangle 
CFP, ſimilar to GDE,: will be given all the angles and 


the fide FP (= AD +8D whence FC will be given; 


from which, by proceeding as in the laſt problem, all 
the reſt will be found, ee ah of 3 Bt 
9 PR O- 


* 


ſtanding in the ſame ſegment 


8 . | * * 
- 


Grounrzrcar Proms. 357 „ 


NA 
22 


P in this line, 


producg to Ry 


diameter of the given circle; and th 
to AB, draw H ing KA 
HO, to which, from P, draw Po 


E, 


is done. 


DEMONSTRATION. 
Draw EG perpendicular to HM, cutting AB in F: 


then, by reaſon of the parallel lines, PR: : : HP 
: HE) :: Py-: EO; therefore PR being = v (by 
confiruftion} EG and EO muſt likewiſe be equal ; from - 
which the equal quantities FG and Or being taken - 
Letra dr vt rnd tos 
6, | 4a 3 os 


* 
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therefore the circumference RN ky 
but it 2 AJ. in 2 dene £1 ui 
cenſtrucri on) is perpendicular to it | 
AC, decile A biſects the angle BAC; laſtly, it 
touches the circle O, becauſe the right-line OE 


join 
the centers O and E, through 
ing o bord re paſſes throug N 


| Methed of calculation. 
Suppoſi AO drawn, and AS perpendicular to HM, 
in the triangle AHS (beſides the. right angle) will be 
given A8 (= and the angle AHS (= EAF = 


BAC) whence A 8 8 
Age AHO will beg wen All, 7 


angle, whence AHO = and HO + alſo be — 


2 OH, therefore in th HO. 0 aa 
the angles 
are known alſo, 


PROBLEM XLVI. 
To deſeribe the circumference of a circle through a given 
ant ogra 
given in pofit 
* CONSTRUCTION. 


Tes the ares to be out off by AC and AB be fimilar 
reſpectively ta the arcs ab, bc, ef any given circle abeg, 


- whoſe chords ab, bc. ſubtend, at the center, any 


given 
raging e * be biſected E, D, . 


the radius 8 — arch mSn, cutting 


AP in 8, draw RS and ARK, RI , pr bs 
RS, n then from the center (, with 
the ra dius FO. deſcribe the circle Pl, and the 


K — 
— 
is done. » * 
.* : 
„ 9 4 
* * * 
- 
” 


% 
. 


"DEMONSTRATION. 
Draw QU nnd Ges to RF and RD, N . 
AB and AC. The angles BED and CDE 
being equal, BFD will exceed. CDF by twice EDE. 
or by twice gbd, that is, is much as gh exceed ba, 
or laſtly, by as much es R exceeds C W therefore, 
ſeeing the whole BFD as much exceeds the 


360 
their difference, ſo is the ta 
tangent of half BAQ — 


The Convriverion of 
Prob. 26.) by ſaying, as the ſum 8 


rn 


Again, it will be is fine QAH : fine QHA (:: QH 


PROBLEM 


CONSTRUC 


A: P A AP : fi PA; there. 
; - in H 3 ale og and 
one ſide AP, whence AQ and PQ will be 


XLVE. - | 
from the angle 


D all 
of a plane tri 1 equal to three given 
right-lines Kh, 24 3 


TION. 


Draw the indefinite right line RS, in which take 
AB equal to K+ + find a. faurth 


to Mm, 


L and K+, with r 


* — 4 
— — P f 
1M — — TS 


QP = 


and draw PF parallel 


produced, in F, draw F G parallel to CB, and 4 


will be the triangle required. 


DEMONSTRATION. : 


Draw FE, Gy and A 9 
r 


bs 


Gnas Au 
triangles ABC, AGF AFE, AGg; 
AG, are equi-angular, by - <A 
FE:: AG: AF: A (Ki): ) 


LI whence, the conſequenis FE nod I ae 
* e be 


equal likewiſe. : AB (KA = 
255. WFE OF hos as and e 


8 
and GFE 
. 


The 


* Mithed of calctilation. N 
| Since K, Li and May are given, AC 25 


1 then i e e iven 


he e AFG will be given all the 


Aer, . 


. 222 male given I: with each 


er 


CONSTRUCTION. | 
„Ler the Mes given points be A, B, and C: make 
2 ACE _ ey. 
to the Bi 


432 5 The Comray tien 


e e . 


PROBLEM XILIX. 


Three points A, B, C, e hw ns 
fourth, [v0 lines, drawn from the 
make given: angles with one another. 


dammdeneg 


ow 


— 


= — DEMONSTRATION. $0) 2 
The angle ABP js. eq ual to the KL 


AB on 8 11 by . 
AB ing upon the 

# he each other, their RED. 1. 530 

muſt likewiſe eget Q. 


5 


| 
3 


t 


33 


HH 


* 
. 
* 


point B, in 
——_ wa 


85 


ns 
Sven ang 


_— 


ks 1 ue 


11218 Rs 
| LET 141 1 


1 
A, draw EFG, and the thing is done. 


"Ba MONSTRATION. 


a 


_—_ 
ing the 


1 5 


E. BA, and aL, being parallel, the 


"Tens 


* 
. 


l 
' 


peri pheries of two circles 
poſition, fo as to be inclined to the * 1 -CO * the 


— — — Su wu <Cw-- — —ñ—6ñ«t — 4 0 — 
. 
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nn „ I 


3 gu: Þ QUE, N 
. 1 
(= ko) SAMS i= A e — 8F | 


F G : and 2 Er (28 FT): FA 


of calculation. 
«&h 5. 1 (db) : : the tangent of LQ (the com- 
plement of the given angle QBR) : the tangent of LQ=; 
therefore, in the triangle OQF, will be given one angle 


OF and two ſides, Q, FO; whence, not only the 
wgke JOF, but all SO and BE will by ham, * 


PROBLEM- LI. 


77 , or inſcribe, @ given bus de, AD between the 


centers m a given angle. 

CON ST RUCTEON- ! 
Make OCB equal to the given angle, and lot CB be 
taken equal to the given line; upon the center B, with 
the radius of the circle C, let the arch e 


399 0 '5nRD 


4 renn hen dre BD, f. lr u. 

ereto, draw meeting the n 3 

A, D, and the thing is done. OY wo | 
"DEMONSTRATION. 
Becauſe ( (by conflru#tion CA and BD are equal and 


parallel, therefore will A and CB be alſo equal and 


E. D. 
E Q. 2 


PROBLEM hb 


' From a given rectangle ABCD, to cat 
ECG, whoſe breadth ſhall be every-where t 


whoſe area ſhall be juſt-balf that of the refangle. 


| CONSTRUCTION. 

In BA take BH equal * or AD; abd 
DA produced take | 
AP a mean-proporti- 
onal between BA and 
AD (fo that Ab 
may = the given area 
A FE) rom P to 
the middle of AH B 
draw PO; make OE 


retangle EAGF, and (|. R 
the thing is done. — — 


DEMONSTRATION. 8 


If che ſeini-circle EPQ, from the center O, be de- 
ſcribed, it is plain that AQ = EH = BH— BE 
AD—DG = SAG; and conſequently that AE x AG 

| = AE x AQ = AP“ (Exc. 13. 6.) Q.E, 5. | 


Method. of calculation. . 
In the right-angled triangle AOP are given AO 


OP will be known, and fo thence both AE and AG. 


PRO , 


CONSTRUCTION. 


= 


FI 


7 
25 


4 


0-24-05 
1 
F 
5 


21 
Re 


* 


draw HF and HA; then draw BP 
ABP = AHF, and it will meet AH (produced) in the 
— DEMONSTRATION. _ 
Let BP, CP, and GH: be drawn. The triangles 


rr 2 ( « : Fi (4) A Pre 
p AF; and AB: AC:: AG: ABC 


A 


F are likewiſe equi-angular 


„ AH: AG; therefore the triangles ACP, AHG bei 
A rl v4 we have AP: CP:;: AG: 
. GH (AK): . 


: AF (a): A (c). Q. E. D. 
of calculation. | 
AFG, AlK are given all the 
whence AG, FG, and AK 


PROBLEM Liv. _ 


D Abd d trick (ABC). fmiler jo @ given. aw 
AMN, fuch;that three lines (AP, BP, CP) may be drawn 


its angular points to meet in the ſame poi (Fan 
Lade Taser AD, AH AK, potion.” 


be equal to 


} 


— 
= 


* >» E@ONSTRUCTION, | © 


Draw DE,'and KG, making the ADE 


and AKG, each, equal to the given, angle N, and 


* &4 * 
* 
* C * my v - 
. _ 
* 
© - : - - 
. 


Tt 


PC equal, reſpectivel 
be joined z ſo Nan ABE 
DEMONSTRATION. 

| three lines AP, BP, CP, are, reſpeQively, equal 
to the three given lines AD, AF, AK, by conſtruction; 
we therefore have only to prove that the triangle ABC 
is fimilar to the given one AMN. - Now DH 
and EH to be drawti, it will be Ap: PC (or AD: AK}: 
: : AE: AG (EH); whence the triangles APC and 
AHE will be <qui-angular (Euc. 6. 6.) and conſequently 
AC: AH: : AF (AD): AE :: AN: AM (Zur. 5. 6. 
: but the triangles ABP and ADH (having AP = AD, 
PB = DH (by confiru#ion) and the angle DAP com- 
mon) are in all reſ z therefore, by ſubſtituting 


AB in the, room of AH, our laſt proportion becomes 
AC: AB:: AN: AM; whence it is manifeft that the 


hs 
- 


4 - 
, 


circle, through F, draw FE, niecting 
in E; join A, E, and B, E, and draw EC Les x74 


"a "ONCE * 


Fn pe N þ 
pon equal to ab, let a ſegment of a 
deſcribed to contain an angle equal to #cþ ; 
angle ABF = or, BAs x dls, aadyhe Roe BY = od 


| „ 

com he pitt, where A Fe . . of the 

ed; meeting AB, produce in C z and then the thing 
DEMONSTRATION. 


Siace the lines BD, EF, __ 
therefore is ED = BF ( ler 
N 1. = 


; diagonals, and 


* 
# 


CONSTRUCTION. 


1 


sz 


vi 
5 


7 
j 


i: 
" 


ft 
: 


7 


Fi 
1 


: 


GB ; join D, B, 
DEMONSTRATION. 


F 
> 
D 
E: 
F 
Fs 


l 

o 

. 

: 

| . 
. 
+ 
x 


The ſegments of the 


given dia 26 
2 
conſtruction 


ED (BG) 
and the 


PROBLEM Tun. 
bi be vertical 2 2 =: = 
i ſecting the vertical ang a ? ? 
tives, © —— gh, _— 


CONSTRUCTION. 


the lemma in 0 B: 
CD biiect ) QE.D. 


— of calenlation. 


| Draw CP perpendicular to AQ, 1 
; Becauſe, by conſtruction, 0 0 is = RP 


24D x BD \ 
3 1 
| triangles DCG, DPC, it will | 
2AD. x BD AD — BD Be 
A Der Df = ITED 
whence AC and CB are given. BEE 

pROBLEM LVIIL 
Having given the the angle at the vertex, and the 
bur drawn From thence ts Viet th baſe; to confirult the 


% 


PROBLEM LIX. 
The baſe, the difference of the angles at the 
line drawn from the vertical angle to biſef the 


gets 
plane triangle, being given ; to deſcribe the xt of * 
CONSTRUCTION. 
Upon AB, 
circle 


ual to the given baſe, let a 
i AHEB be deſcribed to contain 29 


— 


BY 


2 
& 


At. 
& 


SN 


te 
* 


2 
5 


a 


Since, * n) CG is parallel to DI, and 
: ACg oy 2 (Exc. 4. 6.) KI 
n : GI x AG; but GI x. 
= EG x GH = EGA (Exc. 35. 3. and 3. 3.) therefore 
KLyg : Acg :: AG; . and polequently KL: 
AC:: AG: EG: : AN: NM; but AN is ( 
firuftion) equal to KL, therefore NM is = A 
' conſequently MP f2MN) = AB. Moreover the 
— Sat * bra, vr Ag 
— A = 3 whi conflruttion) i 
From the center O draw OA and OJ, alſo draw Iv 
parallel to EH, meeting OS in v: then it will be (y 


— ProntaMs. © 273 


1 :: AC: I») : : the fine 
AE of the angles at 
te ſe of SOL which, added to AOS, 
whoſe ſu divided by 2, will be 


1G; from whence 

_ Cy ANM (eq GE) ; then 

triangle ARM gill be given AN, NM, and the 

included angle ANM, whence che angles M, A, P, 
ill alſo be given. Ly 
PROBLEM Lg 

The perpendicular, the angle at the vertex, and the ſum 

„ to deſeribe the 


CONSTRUCTION. OP 


K. 


if 


115 
52 
E 


i 
43 


| \ H, and make the angles BHF and 
HE equal wo to HBF and HAE reſpeRtively z then will 
EHF be the triangle required. 

| DEMONSTRATION. 


a and O, H, and draw HQ perpendicular to 


The gin HOY bs —_ .+ N = 2HBF (by z 
tonftrution o. 
+ FEH 2 0 os gs ket 

+ + = and, 
esch of theſe equal Ras can * 
SR, 3 


374 The Cons ra vc rIoH of 
we have EHF = OAB + OBA Far. 32.1.) 20 A8 
+ = the given angle (by conſiruld;on). Moreover M is 
= PK = given icular ; and EH being 2 
AE, and FH = BF (Har. 6. 3.); EH + HF + EP 
will therefore be = AB = the given ſum of the ſides. 
and the 


Q. E. D 
0  Mathed of caleulation. 
In the triangle AOP are given all the 
fide AP, whence OP and A NN) nas ant ho 
the triangle OHK will be given the fides-OH and OK 
(OP + ÞK whence HE will be given; next, in the 
ast. B will be given BQ. (BP — HK) 
whence QBH, and its double QFH, will be given; laſtly, 
in the trian le EFH are given all the and the per- 
pendicular QH, whence the ſides will alſo be given. 
But the wer may be more ealily 22 a 
firſt finding, HOK, 6 Me of 
and EAI, 2s in the fifth Problem, 


PROBLEM IXI. 

The the three the difference of the angles 
2 An ets Plot Afr oft wg 
2 any plane triangle being given ; to deſcribe the 

gle. 


CONSTRUCTION, 


to which draw Fe = Ev, and draw A 7 
mating iD i Dr 0th eter Dt hs the diſtance 


DEMONSTRATION. 


| Upon AB let fall the perpendicular CP; let CO bitect 
the vertical angle GCF, and let DH be dra — 
to Er, meeting Cr in H. (Then by raſan of th prall 


lines, 5 Er being = Em (49 Em : D ov 
ale H flls in 


whence, Er bein 2 DH * 
are alſo equal, 
KEDS HU aas 


ane HAT, x the arch HC, 
A the 1 eden upon 
g. ABC, e Air but the he ang GFC bong Goal 
to ABC, and FGC double to BA [7p nn} 
difference of GFC and FGC will ble 
difference between ABC and BAC, and therefore equal 
to in Er (2nDH) the difference given. Moreover, 
cn GCQ = 2PCQ will be the difference be- 


tween PCC arid PCF, which muſt Ifkewiſe be eq 
to zu Er, the difference of their com PGC and 


PFC ; whence PCQ = Er, and conſequent] = 
Er. Furthermore, fince the L 
BCF = CBF, thence will CG SS 
anl therefore CG + | 5 2E. D. 


wile pies (les 


be, as the radius to 
* DA: Ds) bo is the = of 2 to 
Ea 2Do, ho of AC 
is alſo given ; from which all the reſt of the 


: 554 . 


— 


Upon the baſe AB of the tri 
would make another triangle eq 


5 85.8 


Ee 
=P 


39 
11 


[ 
- 
FE 


5 
1 


rallel to DB, draw EG; then will AGE be 
that was to be conſtructed. * 
DEMONSTRATION. 
Let FR and DQ be icular to AB ; then the :ri- 


E 


|, Grounrnzcat eee, My | 
FR (= CH) whence AF will be given; and then, AD 
| and AF being given, AE = /AD x AF will alſo be 
given . 24 - ; | 


PROBLEM 1x 
To find point i T*: triangle A 7 TY 
the whole triangle into parts (COA, AOB, BOC) having 
1 , at three given rigbi- lines, 1. 


| CONSTRUCTION. * 
In CA and AB produced, if need be, take | 
AF, each equal to m n + þ, joining E, B and F, C: 


take Co = n, „ 


* 5 


* 
—— 
37 
. 
* % 


4 
1 12424 W 
totd AQ tad OO + AC: hne 
188 will be given from thence; then, in 


eluded nogl, from which everything cle will de known: 


| PROBLEM LXxV. 
"97 dels. 0 glen & wm ABCD, whoſe 
AB, CD are parallel, according to a given 1 by 
a > QN, paſſing through a given * » and 
| CONSTRUCTION. 
Rias AD in G, 


and draw GH ak 
rallel to AB (or 


E © DEMONSTRATION, _ *_ 
Draw EM and JHK parallel to AD, meeting DC 
and Ag in E, I, K and F. 
e lines, we have GD = ME 
e KH; whence, as GD is 
(by cogſtruc tian ME will be = F 
the trian EMN will be = vr 


By Il 


2 the whole lide GH and s 


PROBL E * LXV. | | | 
ABCD, 9 2752 
TAT 


wy "CONSTRUCTION. 


To divide 4 given trapezium ABCD, whoſe fides AB 
and DC are parallel, into two a 
ald a he e. 0 equal parts, by a right-line 
| CONSTRUCTION. 
Produce 
and BC till they 
meet in H, and 
make A 
and 
lar to 


FE 


21 


e HE, 

8 pond . n 
DEMONSTRATION. | 
Since HE* (= HN = HP* + PQs = 2HP' = 

HG* HA* ＋ AQ HA* + HD* 

— = == —) is an arith« 


P 2 
N metical- 


1 5 


a8 The Consraverion of, 

metical-mean between HA? and HD-, it is evident that 

he wang RET wi xe 1 ho an ether ans 

triangles HAB and HDC (or ABFE = 

EFCD) ; becauſe thoſe triangles, being fimilar, are to 

one another as (HE*, HA“, HD*) the Squares of ther 
1 QE. D. 

Method of calculation. 

since all the ſides and angles of the n are 

e of the 


will be given ; therefore HD and AH 
will be known ; whence HE, V, wil 
| alſo be But the fame thing 
the glory for, nc 
2 1 


be had without 
—_ AB, we have 

PROB LEM LXVII. 
2 


3 Whence HE will be 
; ow ARA 
AE BD 2 goce engl. 
CONSTRUCTION. 


is to make with AC; take EH a i 

tween EG and EK; then draw HL parallel to AK, 

and the thing is done. ö 
DEMONSTRATION. 

Dy EG : EH :; EH: EK :; EL: 

EA (Zac. 5.6.) 8 


- and let BE 


D, common) AGF is alf 
but AGF (CDHL) : AGB 


x EE, — EF) will be found. 


PROBLEM Em. 
Two right-lines AG and A ing i 7 7 
2 
cut thoſe lines in given angles, ſo that the triangle AnP, formed 

from thence, may be to a given ſquare ABCD. 


©. _,CONSTRUCTION. 
Let the angle ABE be equal to the given angle 
- ah 


APs, 


meet A in 


— 


11 1 # 1 
12112222 4 12724122 oY 
SE 5 Hitler 
1 271 7.841 727 Qu 
128 57 ke Y < 
21511 JL 2 0 
5 Sx It ? 2M 
2 3 ig | 2 82: 3 
at Z 1321 22 i 2. oy 


i NBA 44 


Op, 


U * , 
i w » 


5 — — —ũ; CO —— —— — ——ñ—— teat ——— —— — — — — V 


DF is 
Dor 
ich muſt 


1.) 3 bat 
D, which 


r than GFD, 


PROBLEM LXIX. 


I Pang 3 
LTAS 
{04 | 25 
248381 
82175 
215 
2825 
Boi: 


which the 
reftangle 


Let t 


7 


From 
area 


B 


Ta 


—_— * 
=. E 11 17 
þ * * 
4 


EE" 
' 
2 


— 1 , 
g 
. 


13} C$ „ 
51. 112 


22 | 4 22 
elt Nel 


CONSTRUCTION. 


cconſtruftion, KGT ( 


N 55 


I 


 DEMONSTRATIO 


by 


l 


* 


1 * 
, 


= - — — wk *Þ 4 divrotrans wr 


GroMnTRICaLr P, \ * 
and upon AF let a parallelogram AFHI be conſtituted 
equal to the given area of the triangle; make IK per- 

icular to AT, and equal to FP; and, from the point 


to AB, apply KD = PH ; then draw DPE, and the 
thing is done. 


-DEMONSTRATION. 


Suppoſing M to be the interſection of DE and IH, 
it is evident, . becauſe of the parallel lines, that all the 
_ triangles PHM, PFE, and MDI are equiangu- 

3 therefore, all equiangular triangles being in 8 
wed — as the ſquares of their homolo 
the ſum of the ſquares of PF (IK) and 1 being — 
to the ſquare of P (KD), by confrutiion ond Zu 7. 1. 
it is evident that the ſum of the triangles PFE and 
DMI is = the-triangle PHM ; to which equal quan- 
tities in fig. 1, let AFPMI be added, ſo ſhall ADE be 
likewiſe equal to AFHI : but, in fig. 2, let PFE be 
taken from PHM, and there "will remain EFHM =. 
DMI ; to which adding —— we have AFHI =z 


ADE, as . Q. E. D 
Method of JF | 

By dividing the given area by the given — * of 
the point P —— AB, the baſe Al of the parallel 
AFHI will de known, and conſequently PH (= D). ; 
2 DI (= VED* — PF*) will likewiſe become 

known.— This lem, it may be obſerved, becomes 
impoſſible when (PH) is leſs than KI (PF); which 


can only happen, in caſe 1. when the given area is leſs 
than a under AF and FP. 


PROBLEM LXXI. 
Te cut off from a given lygon BCIFGH, @ 

- EDBHG Mie a given e KL, by a NW | 
ED paſſing through a given point P. , 
CONSTRUCTION. 

Let the fides of the poly gon CB and FG, which the 
dividing line FD falls pon, be produced till they meet 
in A 9 . 


— 


_ = _— 
* —. _— ww . <-> 0 
_— 
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MN 


ual to AGHB, and, by the laſt problem, let ED 
he > ne hoes through the given point P, that the triangle 


AED, formed from thence, may be equal to the whole 
P 8 


2 ＋ 
[. 1 "MEE S 

le KN, then will EDBHG be equal to KL : 

for fince AED is = KN, let the equal quantities 


AGHB and MN be taken away, and 
EDBHG- = KL. 


Methed of calculation. 

Let the area of the figure AGHB be cok by 6- 
viding it into triangles, and let this area be added to. 
given, and the ſum will be equal to the area 
Sr 
found, as in the laſt problem - 

PROBLEM LXXII. 3 

Having the baſe, the vertical angle, and the length of 


the line biſefing that angle and terminating in the baſe, to 
deſcribe the triangle. f 


855 CONSTRUCTION. | 
Upon the given baſe AB let a ſegment of a circle 
ACB be deſcribed (by Problem 4.) to contain the given 
angle, and, having completed the whole circle, from 
O, the center thereof, perpendicular to AB, let the ra- 
dius OE be drawn; OD 
4 


diſects the 
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dicular thereto, and ual to half the iven biſeQing 
line ; and from G, bon, E N 
center, with the radius 
GB, let a circle BHF 
be deſcribed, jnterſet- 
ing EG (when drawn) 
in F and H; from E * 
to AB draw ED EF, 
and let the ſame be pro- 
duced to meet the cir- 
cumference'in C; join 
A, C, and B, C; ſo ſhall ABC be the triangle re 


quired. 


DEMONSTRATION. 


The triangles CBE and BDE are fimilar, becauſe 
the angle BEC is common to both, and the angles BCE 
and DBE ftand upon bo arches BE and AE; there- 
fore EC: EB : : EB: ED, and conſequently ED * 
EC= IP: but (hp Mw 36. 3.) EBT EF x EH = 
ED x EH - 5 Hence ED x EC = ED 
x EH, we —— C = EH ; from which tak- 
ing away the equal quantities ED and EF, there re- 
mains DC = FH = the given line diſecting the ver- 
tical angle (by conſtruction) : and it is evident that DC 


= AB. ſince ACD and BCD ſtand 
AE and EB. Q, E. D. 


Method F calculation. 


If BE be conſidered as a radius, BR (JAB) will be 
the co-ſine of the angle EBR, and BG the tangent of 
BEG; therefore BR: BG (or AB: DC) : : co-fin, EBR 
( ACE) : tang. BEG, whoſe half-complement EHB is 
— 4 _ from hence : then, the angle HB6 (ſup- 

produced. to b) being the complement of 

HB, we al have as EHB: rad. (: : fin. EHB: 

co-ſin. EHB : : BE: :: EB: EC) :: fin. ECB 

: fin. CBE = fa. * = co-ſin. OED, " half the dif- 
ference of the angles (ABC and BAC) at the baſe. 


Ce 2 PR O- 


upon equal 


tach other z to deſcribe the trapezium. / 
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PROBLEM LXXII. 
Having given the two oppoſite fides ab, cd, the two dia- 
e and alſo the angle ach in which they interſe@? 


CONSTRUCTION. 

In the indefinite line, BP, take 8 a 
make the angle DBF equal to the On, 

BF = ac; . i 


a = | 
radii de and ab, let two arches Cn and rCs be do- 
| ſcribed interſecting each other in C; join D, C and F, 
C, and make BA equal and parallel to FC; then draw 
. AD, AC, and BC, and the thing is done. 

DEMONSTRATION. 

Since (by confiruftion) AB is equal and parallel to 
CF, therefore will AC be equal and parallel to BF 
AT 5 1.) and confe 4 * * angle AEB (Zac. 29. 
1.) = DBF = geb. 

Metbad of calculation. 
Join D, F; then in the trian gie DBF will be given 
fides DB, BF and the angle included, wbene the 
— BFD and the fide DF will be known ; then in 
the triangle DFC will be ru all the three ſides, 
angle DFC will be known, from which 


whence 
BFC (BFD — DFC) = BAC will alſo be known. 


" PRO- 


” 
— 
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PROBLEM LXXIV. 
—＋ given the two diagonals and all the angles, to 
deſcribe the trapezium. PII | 
: CONSTRUCTION. * 
Aſſume AB at pleaſure; and, having produced the 
ſame both ways, make the angles QAC, RBC equal, 
reſpectively, to two oppoſite angles @ and e of the tra- 
pezium ; moreover, make ACF equal to ace, one of 
the remaining angles; and from F, the interſection of 
AF and BQ, take FG = the given diagonal de, and 


1G | -AC | 
ee, 3 
a 5 \ 
„ 
QF H D OP .* + +. 8p 


draw GH parallel to CB, meeting FB in H. Then 
from A and B (by the lem. p. 334.) let two lines AE 
and BE be drawn to meet in FC, fo as to be in the 
iven ratio of ae to FH: in AE take AN = ae, and 
w NM parallel to FC, meeting AC in MI; laſtly, 
draw NP making the angle MNP = ced, and meeting 
FB in P; ſo ſhall AMNP be the true figure required. 


"DEMONSTRATION. 

Let ED be parallel to NP, and let DC and PM be 

wn. 

It is evident, by conſtruction, that the diagonal AN, 
and all the angles of the trapezium, arc squal to the 
reſpective given ones; it theretore remains only to 
ove that PM is equal to the other given diagonal dr. 
ow, the angle RBC being = CED (by conjiru4ion), 
the circumference of a circle may be-deſcrived through 
all the four angular points of the trapezium BCED ; 
and ſo the triangles FBE and FCD (as both the angles 
FBE and FCD ſtand W ſame chord ED) _ 

EZ | 


- 


* 
o 


* 
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ac : FH; therefore, by compounding theſe two pro- 
portions, we have AE: DC: : ae : dc; but (becauſe 
of the ſimilar fi ADEC, APNM) we alfo have 
AE: DC: : AN (ae) : PM; and conſequently PM 
_ Ac. Q. E. D. RT p "a | 

Method of calculation. . | 
All the angles of the triangles ABC, FAC, and 
FBC being given, we ſhall have fin. ACB > fin. F: 
fin. ABC x fin. ACF : : AB: AF; and fin. FUG 
(FBC): fin. FGH (FCB)::FG (4) : FH; whence 
AF and FH are known. 


, _ AB x ae _ AK «x EHI 
e © > Wako | 


which laſt is equal to (OE) the radius of the circle de- 
termining the point E 61 the aforeſaid lemma). There 
fore, in the triangle FOE are given two fides FO and 
OE, beſides the angle F, whence the angle FOE will 
be given; then in the triangle AOE will be given OA, 
OE and the included angle; whence the angle OAE, 
which the diagonal AN makes with the fide AP, will be 


| known, and from thence every thing elſe required. 


This problem, as the circle deſcribed from O cuts 
FC in two points, admits of two different ſolutions 


| (except, only, when FC touches the circle). If the 


Circle neither cuts nor touches that line, the problem 
will be impoſſible ; the limits of the ratio of AE to BE 
(and conſequently of ae to dc) growing narrower and 
narrower, as AB becomes leſs and leſs, with reſpect to 
AC, or according as the ſum of the oppoſite angles 
(a + = QAC + RBC) approaches nearer and nearer 


to two right-angles ; ſo that, at laft (ſuppoſing AC and 


BC to coincide) AE and BE will be, every-where, in 
the ratio of equality; therefore cd can here have only 
one particular ratio to ae; and the diagonal ANE may 
be drawn at pleaſure, the problem being, in this caſe, 
indeterminate, 


PRO- 
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PROBLEM LXXV. | h 
8 the rigbi- lines to the | | 
eee to ora, ks 


of three flaves erefted 
given points A, B, C; to find @ point P, edn 


the borizon ABC, equally remote from the top of 
fa CONSTRUCTION. — 
Join A, BandB, C, and make AE and BF 
icular to AB; alſo make BG and 
cular to BC, and let AE be taken 


per- 


1 7 
392 The Cons raucrion of 


evident that the points F and G muſt coincide, and that 
AE, BG (BF) and CH will repreſent the true poſition 
of the ſtaves: ſuppoſe KG, KH, PG, PH, PE, and 
PF to be now drawn; then, fince (by confirudtion) Gl 
=HI, and the angle GIK = HIK, therefore is. GK. 

, = HK (Euc. 4; 1.): moreover, fince KP is (by con- 
Atructiuon) perpendicular to BC, it will alſo, be perpendi- 
cular to the plane BCHG, and conſequent! *. angles 
PKG and PKH both right-angles : therefore, ſeeing 
the two triangles GKP, HK have two ſides and an 
included angle equal, the remaining fides PG and PH 
muſt likewiſe be equal (Euc. 4. 1). After the 
ſame manner it is proved that PF (or PG) is equal to 
EP. . E. D. | 


Mcthoad of Calculatim. -/* 


Draw Ir perpendicular, and Hg parallel to BC; th 
by reaſon of the ſimilar triangles HgG and Ir K, it wil 


be as BC (Hyg) : BG —CH (Gꝗg):: = : (Ir) 


2 
1 BG DEG + ca. which ſubtracted 
from Br (IBC) gives BK: and, in the ſame man- 
ner will BN be found ; then in the trapezium EBNP 
will be given all the angles and the two ſides BK and 
BN ; from whence the remaining fides, &c. may be 
eaſi ly determined. . 1 


PROBLEM LXXVII. 
The baſe, the perpendicular, and the difference of the fades 


being given, to determine the triangle. 
9 CONSTRUCTION. 
ZBiſect the baſe Ag in C, and in it take CD a third 

proportional to 24 B and the given difference of the 

ſides MN; erect DE equal to the given perpendicu- 

lar, and draw F. K parallel to AB, and take therein EF 5 

= MN; draw EAG, to which, from F, app FG = 

AB; draw AH parallel to FG meeting EK in H; 

ſen Saw BY, to the thing is take, » 5 


* 


DEMO N- 


4s 4 


- 
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2 DEMONSTRATION, 
- By reaſon of the parallel lines, FG be 2 FE (MN 
2: AH: EH e Nn 
or 2AB x DP = 2AH 
x MN; to which laſt 
equal quantities adding 
2AB K CD = MN* (by 
—— we have 

B x CP = 2AH x 
MN + MN*; but 
2AB x CP is - BH* 
— AH* (5 a known 

operty triangles); 
r G 
= 2AH x MN + MN?, 


or BH* = AH* + 2AH x MN + MN* = Ai + MN|* 
* conſequently BH 3 2. E. D. 


In the right-angled & — ADE we have DE and 


AD (= ZAB — x) whence the angle DAE 


$2500 will PIES = in the triangle EFG will 


iven two ſides and one angle, from which the an 
Gr (= BAH) 22. * 


PROBLEM EXXVII. 


The baſe, the perpendicular, and the ſum of the two fd 


being given, to deſcribe the triangle. 


CONSTRUCTION. 


Biſe& the baſe AB in C, and in it produced take CD 
a third. proportional to 2AB and the ſum of the ſides, 
MN; erect DE equal to the given perpendicular, and 
draw HE parallel to to AB, and hs therein EF = MN; 
draw EAG, to which from F, y FG = AB, draw 
AH parallel to FG, — in H, then drs, BH, 
and the thing is done. 


DEMON- 


* — 0 2 - _s 7 
* - — „4 „ ——Ä— - — — m —— —— — 


+." 
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_ ___ DEMONSTRATION. - 
Biecauſe of the parallel lines, FG (AB): FE (MN) 
:: AH: EH (DP); od de t 2 AH 4 
2AB x DP; which equal quanties being ſubtracted 
from MN* = 2AB x CD (by confiru#in) there will 


M 7 ” N 


remain MN* — 2MN x AH = 2AB x CP = BH; 
AH“; whence, by adding AH* to each, we have 
MN* — 2MN x AH + AH* = BH", that is, 
MN — At“ = BH*; therefore MN — AH = BH, 


br MN = BH + AH. & E. B. 


Method of calculation. 

In the triangle AED are given (beſides the Fight 
angle) both the legs, whence the angle DAE (= FEG) 
ill be given; then in the triangle FEG one angle and 
two ſides will be known, from which the angle EFG 
( = BAH) will be nined. 


PROBLEM L XXVII. 
The difference of the two fides, the perpendicular, and the 
Mat xd pg dy hn op Trl uy apa 
CONSTRUCTION. 


-- 
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drawn HK, take HL, in HE equal thereto z 

from L to FQ apply LB = EK, and join C, B; ao 
C 


Sn M 


| — L 


— 
KA 


draw EM, making the angle CEM equal to DEC, and 
cutting CB in M ; then from C to QEF apply CA = 
CM, fo ſhall ACB be the triangle required. Th 


DEMONSTRATION. 

Upon EM let fall the perpendicular CN, and 
join L, M and F, I. Now LB* = EK“ (by con- 
firuftion) = HK + HE x HK — HE (Zac. 5. 2.) = 
HL I IH x HL H (iy conftrution) = CL x EL; 
whence CL: LB : : LB: EL; therefore the tri 
CLB and ELB muſt be equiangular (Euc. 6. 6.) and 
conſequently LBM = LEB = CED = CEM (by con- 
firuftion). Therefore, ſince the external angle CEM 
of the trapezium LEMB, is equal to the oppoſite internal 
angle B, the circumference of a circle will paſs through 
all the four angular points ; and conſequently the an- 
gle LMB will be = LEB, both ſtanding upon the 
fame chord LB; but it is proved that LBM is = LEB, 


therefore LMB = LBM = FEI; and fo the triangles 


BLM and EIF, being iſoſceles, and having LMB = EFT, 
and alſo LB = EI (by confiruftion) they will be equal 
in all reſpects, and — BM = EF ; whence 
BC— AC (BC CM = BM) 


= EF, the given 
difference - 
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difference (by confirufion). Moreover, CEN being = 
CED (by conſfiruftion), CN will be = CD; — ſo 
CM 1 CA, ACD will be = MCN, to which 

1565. 2 * — we have ACB = DCN = 


a of calculation. 

Seeing EG and EH are the fine and tan of 
EIG — EKH, to the equal radii EI and EK, it 
will therefore be EG : EH (or EF: EC) :: fin, EIG 
(ECD) : _ EKH. But, EC: CD : : the radius 
: co-ſin. EC whence, by 2 5 theſe pro- 
portions, EF: CD : : rad. x fin. ECD : co-fin. ECD 


7 rad. x fin. ECO | 
Xx tang. EKH: —"TOD (= tangent ECD): 


tang. EKH; from which EKL, half to 23 
of LKH will be alſo given : then it will be, as the radius 
: tang, EKL (:: KE:EL::LB: EL) : : fin. LEB 
(CED) : ſin. BE (BCE) ; ; which proportions, ex- 
preſſed in words, give the followin 54 IJ heorem. 

As the difference of the ſides is to the perpendicular, ſo is the * 
tangent of half the vertical angle to the :a1gent of an angle; 
and as the radius is to the tangent of half the complement if 
#his angle, ſo is the co-fine of half the vertical angle to the ſine 


of balf the difference of the angles at the baſe. 


PROBLEM LXXIX. 

The perpendicular, the difference of the fides, and the dif= 
frm: of the angles at the 3 to determine the 
triang * 


CONSTRUCTION. 3 
C Let a triangle ABC 
be conſtru 3 A 
loft problem, whole per 
pendicular and e- 
rence of the ſides ſhall 
be the ſame with thoſe 
given, and whereof the 
vertical angle ACB is 
& alſo equal to the given 
— difference of 


* 


then upon C, as a center, with the radius CB let an arch 
deſcribed, interſecting AB, produced, in D; join ©, 
and ACD will be the triangle required. For CD 
ng = CB, the angle CDB will alſo be = CBD = 
+ BCA (Zuc. 32. 1). The method of calculation 
zs alſo the ſame as in the preceding problem. 


| PROBLEM L XXX. 

The icular, the ſum of the two ſides, and the 

vertical angle being given; to deſcribe the triangle. : 
CONSTRUCTION. 


Upon AB, the given ſam of the two fides, erect AC 
equal to the given perpendicular; and make the angle 


be 
D, 
bei 
A 


H 10 


conſtituted, whoſe vertical angle AFB ſhall be equal to 
the given one, and whereof the biſecting line FE (ter- 
minating in the baſe) ſhall be = DC; then draw CG 
and GH parallel to FB and FA, fo ſhall GCH be the 
triangle require. 5 
DEMONSTRATION. 

It is evident that the angle HCG is = AFB = the 
given one. 1 | * 2 A ry 
perpendiculars to 9 wi to eac 
other, and alſo equal to the * one AC, becauſe 
all the angles EFN, FM, and AL C are equal, by 
conſtruction, and EF is likewiſe = CD; whence, as 
the angles AHC, AGC are reſpectively equal to EAM. 

ES 


EBN, 
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ACH equal to the complement of half the given an- 


| gle: upon AB (by Prob. 72.) let a triangle ABF be 
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EBN, it is evident that HC = = EA, and GC = EB, 
and 72 4 that HC + GC (= EA + EB) = 
AB. A. E. D 
r A _—_ 
* the problem above referred to, 9 
Eh NE E) : tg. of an angle; wh 
ow CD : CA : : rad, : fin. ADC ; which propor- 
a "ag compounded with the former, we have 
AB: CA : : co-ſin. ADC x rad. : tang. Q x fin. ADC. 
fin. ADC x rad. 
RTE (co-tangent ADC) : tavg. Q. 


Then, by the fame problem, it will be as tang. ZQ : rad. 
: : fin. ADC : co-ſin. of the difference of the angles 
[ and H) at the baſe. The above proportions, given 
in words at length, exhibit the following Theorem. 

As the ſum 0 Fri fides is to the perpendicular, ſo is the 
co-tangent of half the vertical angle to the tangent of an 
angle; and, as 0 tangent of half this angle is to the ra- 
dius, ſo is the ſin fine of half the vertical angle to the co-ſiue of 
half the difference of the angles at the baſe. 


PROBLEM LXXXI. | 
To conſlitute a trapezium of a given magnitude under 
four given lines. 


CONSTRUCTION. 


Make a right-- 
angle b with two 
of the given lines 
Ab, bc; and with 
the other two 
complete the tra- 
pezium AbeD : 
upon AD let fall 


duced 
| fary) tak 
a that the retangle 

under 


wich which, from the cone F, let an arc 
De, in ©; join DC: h, deſcribed from D 
; Join D, CE; Innen 
AB, CB, ſo as to meet, and they will 
form the trapezium ABCD, as required. | 


DEMONSTRATION. | 

Draw Ac, AC, and FC; upon AD and AB let fall 
the perpendicular CP, CG; and make FG perpendi- 
cular to PCG. 

Becauſe AD* + DC* + 2AD x DP (= AC, Exc. 
= AB* + BC* + 2AB x Q, and 'AD* 
+ 2AD x DE (= Ac!) = AP + b& (Euc. 
.) it follows, by taking theſe laſt equal quan- 
5 x BP) former, + 4 "nd conquenty 
A ES =. 2. = Ss conſequen 


5 ths on es BCQ, FCG = 
"CQ: 'CG : FC:: AD: AB by 
l AB = CG A 
e 
x AB (= twice the area ABCD) = CP x AD 
© x AD = EF x AD = twice the given area (by, 
conftruttion ). E. D. 


"  Methed of calculation. 


From DE (= S£+5©=AD*=De n Er 


(SO) the value of DF, and likewiſe that of the 


angle ADF, will be found; then, all the ſides of the 
triangle DCF being known, the angle FDC will likewiſe 
be known; which, added to ADF, gives (ADC) one of 
the angles of the trapezium. - 
It may ſo happen that a trapezium, having one 

right angle, cannot be conſtituted under the four 
given lines; in which caſe it will be neceſſary 
— inſtead of forming the trapezium AbcD) to ay 
AD fiſt, and in it (produced if needful) to 


— 
P 
5 


922 
888 
WD = 
5 
— 


2 


4 
Fo 


Ih 
8 


ah 


become equal to two right 


will be when the ſum of 
_ . two right-angles, or when 


is, equal to the altitude of a rectangle, formed on the 
baſe 2AD, whereof the contained area is equal to the 


| difference of AB]* + Fel- and ADF 4 5 (Which 
line DE is to be ſet off on the other ſide of D, when 


ſteps of the de- 
to the end being 


ſum DC FE, 
C will fall in the line DF, 


external angles 


equal 
to AP 
hence 


in a circle. 


/ 
«* 
* 
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